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Preface

The present volume is a sequel to my earlier book, Calculus Deconstructed:
A Second Course in First-Year Calculus, published by the Mathematical
Association in 2009. It is designed, however, to be able to stand alone as a
text in multivariate calculus. The current version is still very much a work
in progress, and is subject to copyright.

The treatment here continues the basic stance of its predecessor, combin-
ing hands-on drill in techniques of calculation with rigorous mathematical
arguments. However, there are some differences in emphasis. On one hand,
the present text assumes a higher level of mathematical sophistication on
the part of the reader: there is no explicit guidance in the rhetorical prac-
tices of mathematicians, and the theorem-proof format is followed a little
more brusquely than before. On the other hand, there is much less familiar
material being developed here, so more effort is expended on motivating
various approaches and procedures. Where possible, I have followed my
own predilection for geometric arguments over formal ones, although the
two perspectives are naturally intertwined. At times, this feels more like
an analysis text, but I have studiously avoided the temptation to give the
general, n-dimensional versions of arguments and results that would seem
natural to a mature mathematician: the book is, after all, aimed at the
mathematical novice, and I have taken seriously the limitation implied by
the “3D” in my title. This has the advantage, however, that many ideas can
be motivated by natural geometric arguments. I hope that this approach
lays a good intuitive foundation for further generalization that the reader
will see in later courses.

Perhaps the fundamental subtext of my treatment is the way that the
theory developed for functions of one variable interacts with geometry to
handle higher-dimension situations. The progression here, after an initial
chapter developing the tools of vector algebra in the plane and in space
(including dot products and cross products), is first to view vector-valued
functions of a single real variable in terms of parametrized curves—here,
much of the theory translates very simply in a coordinate-wise way—then
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to consider real-valued functions of several variables both as functions with a
vector input and in terms of surfaces in space (and level curves in the plane),
and finally to vector fields as vector-valued functions of vector variables.
This progression is not followed perfectly, as Chapter 4 intrudes between
the differential and the integral calculus of real-valued functions of several
variables to establish the change-of-variables formula for multiple integrals.

Idiosyncracies

There are a number of ways, some apparent, some perhaps more subtle, in
which this treatment differs from the standard ones:

Parametrization: I have stressed the parametric representation of curves
and surfaces far more, and beginning somewhat earlier, than many
multivariate texts. This approach is essential for applying calculus to
geometric objects, and it is also a beautiful and satisfying interplay
between the geometric and analytic points of view. While Chapter 2
begins with a treatment of the conic sections from a classical point
of view, this is followed by a catalogue of parametrizations of these
curves, and in § 2.4 a consideration of what should constitute a curve
in general. This leads naturally to the formulation of path integrals in
§ 2.5. Similarly, quadric surfaces are introduced in § 3.4 as level sets of
quadratic polynomials in three variables, and the (three-dimensional)
Implicit Function Theorem is introduced to show that any such curve
is locally the graph of a function of two variables. The notion of
parametrization of a surface is then introduced and exploited in § 3.5
to obtain the tangent planes of surfaces. When we get to surface
integrals in § 5.4, this gives a natural way to define and calculate
surface area and surface integrals of functions. This approach comes
to full fruition in Chapter 6 in the formulationof the integral theorems
of vector calculus.

Determinants and Cross-Products: There seem to be two approaches
to determinants prevalent in the literature: one is formal and dog-
matic, simply giving a recipe for calculation and proceeding from there
with little motivation for it, the other is even more formal but elab-
orate, usually involving the theory of permutations. I believe I have
come up with an approach to 2x2 and 3 x 3 determinants which is both
motivated and rigorous, in § 1.6. Starting with the problem of calcu-
lating the area of a planar triangle from the coordinates of its vertices,



we deduce a formula which is naturally written as the absolute value
of a 2 x 2 determinant; investigation of the determinant itself leads to
the notion of signed (i.e., oriented) area (which has its own charm
and prophesies the introduction of 2-forms in Chapter 6). Going to the
analogous problem in space, we have the notion of an oriented area,
represented by a vector (which we ultimately take as the definition of
the cross-product, an approach taken for example by David Bressoud).
We note that oriented areas project nicely, and from the projections
of an oriented area vector onto the coordinate planes we come up with
the formula for a cross-product as the expansion by minors along the
first row of a 3 x 3 determinant. In the present treatment, various
algebraic properties of determinants are developed as needed, and the
relation to linear independence is argued geometrically.

I have found in my classes that the majority of students have already
encountered (3 x 3) matrices and determinants in high school. I have
therefore put some of the basic material about determinants in a sep-
arate appendix (Appendix F).

“Baby” Linear Algebra: I have tried to interweave into my narrative
some of the basic ideas of linear algebra. As with determinants, I have
found that the majority of my students (but not all) have already
encountered vectors and matrices in their high school courses, so the
basic material on matrix algebra and row reduction is covered quickly
in the text but in more leisurely fashion in Appendix E. Linear inde-
pendence and spanning for vectors in 3-space are introduced from a
primarily geometric point of view, and the matrix representative of a
linear function (resp. mapping) are introduced in § 3.2 (resp. § 4.1).
The most sophisticated topics from linear algebra are eigenvectors and
eigenfunctions, introduced in connection with the Principal Axis The-
orem in § 3.9. The 2 x 2 case is treated separately in § 3.6, without
the use of these tools, and the more complicated 3 x 3 case can be
treated as optional. I have chosen to include this theorem, however,
both because it leads to a nice understanding of quadratic forms (use-
ful in understanding the second derivative test for critical points) and
because its proof is a wonderful illustration of the synergy between
calculus (Lagrange multipliers) and algebra.

Implicit and Inverse Function Theorems: I believe these theorems are
among the most neglected important results in multivariate calculus.
They take some time to absorb, and so I think it a good idea to intro-
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duce them at various stages in a student’s mathematical education. In
this treatment, I prove the Implicit Function Theorem for real-valued
functions of two and three variables in § 3.4, and then formulate the
Implicit Mapping Theorem for mappings R? — R2, as well as the
Inverse Mapping Theorem for mappings R?> — R? and R? — R? in
§ 4.4. T use the geometric argument attributed to Goursat by [32]
rather than the more sophisticated one using the contraction mapping
theorem. Again, this is a more “hands on” approach than the latter.

Vector Fields vs. Differential Forms: A number of relatively recent treat-
ments of vector calculus have been based exclusively on the theory of
differential forms, rather than the traditional formulation using vector
fields. I have tried this approach in the past, and find that it con-
fuses the students at this level, so that they end up simply dealing
with the theory on a purely formal basis. By contrast, I find it easier
to motivate the operators and results of vector calculus by treating a
vector field as the velocity of a moving fluid, and so have used this
as my primary approach. However, the formalism of differential forms
is very slick as a calculational device, and so I have also introduced
this interwoven with the vector field approach. The main strength of
the differential forms approach, of course, is that it generalizes to di-
mensions higher than 3; while I hint at this, it is one place where my
self-imposed limitation to “3D” pays off.

Format

In general, I have continued the format of my previous book in this one.
As before, exercises come in four flavors:

Practice Problems serve as drill in calculation.

Theory Problems involve more ideas, either filling in gaps in the argu-
ment in the text or extending arguments to other cases. Some of these
are a bit more sophisticated, giving details of results that are not suf-
ficiently central to the exposition to deserve explicit proof in the text.

Challenge Problems require more insight or persistence than the stan-
dard theory problems. In my class, they are entirely optional, extra-
credit assignments.
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Historical Notes explore arguments from original sources. So far, there
are many fewer of these then in the previous volume; I hope to remedy
this as I study the history of the subject further.

There are more appendices in this volume than the previous one. To
some extent, these reflect topics that seemed to add too much to the flow of
the central exposition, but which I am loath to delete from the book. Very
likely, some will be dropped from the final version. To summarize their
contents:

Appendix A and Appendix B give the details of the classical arguments
in Apollonius’ treatment of conic sections and Pappus’ proof of the
focus-directrix property of conics. The results themselves are pre-
sented in § 2.1 of the text.

Appendix C gives a vector-based version of Newton’s observations that
Kepler’s law of areas is equivalent to a central force field (Principia,
Prop. I.1 and 1.2 ) and the derivation of the inverse-square law from
the fact that motion is along conic sections (Principia, Prop. 1.11-13;
we only do the first case, of an ellipse). An exercise at the end gives
Newton’s geometric proof of his Prop. I.1.

Appendix D develops the Frenet-Serret formulas for curves in space.

Appendix E gives a more leisurely and motivated treatment than is in the
text of matrix algebra, row reduction, and rank of matrices.

Appendix F explains why 2 x 2 and 3 x 3 determinants can be calculated
via expansion by minors along any row or column, that each is a
multilinear function of its rows, and the relation between determinants
and singularity of matrices.

Appendix G presents H. Schwartz’s example showing that the definition
of arclength as the supremum of lengths of piecewise linear approxi-
mations cannot be generalized to surface area. This helps justify the
resort to differential formalism in defining surface area in § 5.4.

What’s Missing?

The narrative so far includes far less historical material than the previous
book. While before I was able to draw extensively on Edwards’ history
of (single-variable) calculus, among many other treatments, the history of
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multivariate calculus is far less well documented in the literature. I hope to
draw out more information in the near future, but this requires digging a
bit deeper than I needed to in the previous account.

I have also not peppered this volume with epigraphs. These were fun,
and I might try to dig out some appropriate quotes for the present volume
if time and energy permit. The jury is still out on this.

My emphasis on geometric arguments in this volume should result in
more figures. I have been learning to use the packages pst-3d and pst-solides3D,
which can create lovely 3D figures, and hope to expand the selection of pic-
tures supplementing the text.
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Coordinates and Vectors

1.1 Locating Points in Space

Rectangular Coordinates

The geometry of the number line R is quite straightforward: the location of
a real number x relative to other numbers is determined—and specified—by
the inequalities between it and other numbers z’: if z < 2’ then z is to
the left of 2/, and if > 2’ then z is to the right of 2’. Furthermore, the
distance between x and z’ is just the difference Az = 2/ — x (resp. © — ')
in the first (resp. second) case, a situation summarized as the absolute

value
Az = |z —2/|.

When it comes to points in the plane, more subtle considerations are
needed. The most familiar system for locating points in the plane is a
rectangular or Cartesian coordinate system. We pick a distinguished
point called the origin and denoted O .

Now we draw two axes through the origin: the first is called the x-axis
and is by convention horizontal, while the second, or y-axis, is vertical. We
regard each axis as a copy of the real line, with the origin corresponding to
zero. Now, given a point P in the plane, we draw a rectangle with O and P
as opposite vertices, and the two edges emanating from O lying along our
axes (see Figure 1.1): thus, one of the vertices between O and P is a point on

1



2 CHAPTER 1. COORDINATES AND VECTORS

I
I
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I
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O x

Figure 1.1: Rectangular Coordinates

the x-axis, corresponding to a number x called the abcissa of P; the other
lies on the y-axis, and corresponds to the ordinate y of P. We then say
that the (rectangular or Cartesian) coordinates of P are the two numbers
(z,y). Note that the ordinate (resp. abcissa) of a point on the z-axis (resp.
y-axis) is zero, so the point on the z-axis (resp. y-axis) corresponding to the
number x € R (resp. y € R) has coordinates (z,0) (resp. (0,y)).

The correspondence between points of the plane and pairs of real num-
bers, as their coordinates, is one-to-one (distinct points correspond to dis-
tinct pairs of numbers, and vice-versa), and onto (every point P in the
plane corresponds to some pair of numbers (x,y), and conversely every pair
of numbers (z,y) represents the coordinates of some point P in the plane).
It will prove convenient to ignore the distinction between pairs of numbers
and points in the plane: we adopt the notation R? for the collection of all
pairs of real numbers, and we identify R? with the collection of all points in
the plane. We shall refer to “the point P(z,y)” when we mean “the point
P in the plane whose (rectangular) coordinates are (x,y)”.

The preceding description of our coordinate system did not specify which
direction along each of the axes is regarded as positive (or increasing). We
adopt the convention that (using geographic terminology) the z-axis goes
“west-to-east”, with “eastward” the increasing direction, and the y-axis goes
“south-to-north”, with “northward” increasing. Thus, points to the “west”
of the origin (and of the y-axis) have negative abcissas, and points “south”
of the origin (and of the z-axis) have negative ordinates (Figure 1.2).

The idea of using a pair of numbers in this way to locate a point in the
plane was pioneered in the early seventeenth cenury by Pierre de Fermat
(1601-1665) and René Descartes (1596-1650). By means of such a scheme,
a plane curve can be identified with the locus of points whose coordinates
satisfy some equation; the study of curves by analysis of the correspond-
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Figure 1.2: Direction Conventions

ing equations, called analytic geometry, was initiated in the research of
these two men. Actually, it is a bit of an anachronism to refer to rectan-
gular coordinates as “Cartesian”, since both Fermat and Descartes often
used oblique coordinates, in which the axes make an angle other than a
right one.! Furthermore, Descartes in particular didn’t really consider the
meaning of negative values for the abcissa or ordinate.

One particular advantage of a rectangular coordinate system over an
oblique one is the calculation of distances. If P and @) are points with re-
spective rectangular coordinates (x1,y1) and (z2, y2), then we can introduce
the point R which shares its last coordinate with P and its first with Q—
that is, R has coordinates (z2,y;) (see Figure 1.3); then the triangle with
vertices P, ), and R has a right angle at R. Thus, the line segment P(Q is

Yo F———————==
o A
Y1 b - -

P, R
|

|

|
|
1
T Az T2

Figure 1.3: Distance in the Plane

the hypotenuse, whose length | PQ)| is related to the lengths of the “legs” by

1'We shall explore some of the differences between rectangular and oblique coordinates
in Exercise 14.
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Pythagoras’ Theorem
[PQI” = |PR” +|RQI”.

But the legs are parallel to the axes, so it is easy to see that
|PR| = |Az| = |xg — xq]
[RQ| = [Ay| = [y2 — u1

and the distance from P to @ is related to their coordinates by

|PQ| = /Ax? + Ay2 = /(xg —21)2 + (y2 — y1)2. (1.1)

In an oblique system, the formula becomes more complicated (Exercise 14).

The rectangular coordinate scheme extends naturally to locating points
in space. We again distinguish one point as the origin O, and draw a
horizontal plane through O, on which we construct a rectangular coordinate
system. We continue to call the coordinates in this plane x and ¥, and refer
to the horizontal plane through the origin as the xy-plane. Now we draw
a new z-axis vertically through O. A point P is located by first finding the
point P, in the zy-plane that lies on the vertical line through P, then finding
the signed “height” z of P above this point (z is negative if P lies below
the xy-plane): the rectangular coordinates of P are the three real numbers
(x,y, ), where (z,y) are the coordinates of Py, in the rectangular system on
the zy-plane. Equivalently, we can define z as the number corresponding to
the intersection of the z-axis with the horizontal plane through P, which we
regard as obtained by moving the zy-plane “straight up” (or down). Note
the standing convention that, when we draw pictures of space, we regard
the z-axis as pointing toward us (or slightly to our left) out of the page, the
y-axis as pointing to the right in the page, and the z-axis as pointing up in
the page (Figure 1.4).

This leads to the identification of the set R3 of triples (z,, z) of real
numbers with the points of space, which we sometimes refer to as three
dimensional space (or 3-space).

As in the plane, the distance between two points P(z1, y1, 21) and Q(x2, Y2, 22)
in R? can be calculated by applying Pythagoras’ Theorem to the right tri-
angle PQR, where R(x2,y2,21) shares its last coordinate with P and its
other coordinates with Q). Details are left to you (Exercise 12); the resulting
formula is

IPQ| = /Dx2+ Ay + Az2 = \/(z2 — 21)2 + (y2 — y1)2 + (22 — 21)2.
(1.2)

In what follows, we will denote the distance between P and ) by dist(P, Q).
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z-axis

T-axis

Figure 1.4: Pictures of Space

Polar and Cylindrical Coordinates

Rectangular coordinates are the most familiar system for locating points,
but in problems involving rotations, it is sometimes convenient to use a
system based on the direction and distance of a point from the origin.

For points in the plane, this leads to polar coordinates. Given a point
P in the plane, we can locate it relative to the origin O as follows: think of
the line £ through P and O as a copy of the real line, obtained by rotating the
xr-axis 6 radians counterclockwise; then P corresponds to the real number
r on £. The relation of the polar coordinates (r,6) of P to its rectangular
coordinates (z,y) is illustrated in Figure 1.5, from which we see that

r =rcost
y =rsind. (1.3)

The derivation of Equation (1.3) from Figure 1.5 requires a pinch of salt:
we have drawn 6 as an acute angle and x, y, and r as positive. In fact, when
y is negative, our triangle has a clockwise angle, which can be interpreted as
negative 6. However, as long as r is positive, relation (1.3) amounts to Euler’s
definition of the trigonometric functions ( Calculus Deconstructed, p. 86). To
interpret Figure 1.5 when r is negative, we move |r| units in the opposite
direction along ¢. Notice that a reversal in the direction of £ amounts to a
(further) rotation by 7 radians, so the point with polar coordinates (r,#)
also has polar coordinates (—r, 0 + ).

In fact, while a given geometric point P has only one pair of rectangular
coordinates (x,y), it has many pairs of polar coordinates. Given (z,y), r
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Figure 1.5: Polar Coordinates

can be either solution (positive or negative) of the equation
r? =%+ y? (1.4)

which follows from a standard trigonometric identity. The angle by which
the z-axis has been rotated to obtain £ determines 6 only up to adding an
even multiple of 7: we will tend to measure the angle by a value of 6 between
0 and 27 or between —m and m, but any appropriate real value is allowed.
Up to this ambiguity, though, we can try to find 8 from the relation

tand = 2.

T

Unfortunately, this determines only the “tilt” of £, not its direction: to really
determine the geometric angle of rotation (given r) we need both equations

cos =
sinf =

(1.5)

SRS

Of course, either of these alone determines the angle up to a rotation by
7 radians (a “flip”), and only the sign in the other equation is needed to
decide between one position of ¢ and its “fHip”.

Thus we see that the polar coordinates (r, 6) of a point P are subject to
the ambiguity that, if (r,0) is one pair of polar coordinates for P then so
are (r,0 4+ 2nm) and (—r, (2n + 1)) for any integer n (positive or negative).

Finally, we see that r = 0 precisely when P is the origin, so then the line ¢
is indeterminate: r = 0 together with any value of 6 satisfies Equation (1.3),
and gives the origin.

For example, to find the polar coordinates of the point P with rectan-
gular coordinates (—2+/3,2), we first note that

r? = (=2V3)* + (2)* = 16.
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Using the positive solution of this

we have

The first equation says that € is, up to adding multiples of 27, one of § =
57/6 or § = 7w /6, while the fact that sin is positive picks out the first
value. So one set of polar coordinates for P is

r=4
5
92%—#27171

where n is any integer, while another set is

r=—4
5
0= <%—|—7T>—|—2’I’L7T
11
:%4‘27171'.

It may be more natural to write this last expression as

0= —%+2n7r.

For problems in space involving rotations (or rotational symmetry) about
a single axis, a convenient coordinate system locates a point P relative to the
origin as follows (Figure 1.6): if P is not on the z-axis, then this axis together
with the line OP determine a (vertical) plane, which can be regarded as the
xz-plane rotated so that the z-axis moves # radians counterclockwise (in the
horizontal plane); we take as our coordinates the angle 6 together with the
abcissa and ordinate of P in this plane. The angle 6 can be identified with
the polar coordinate of the projection P, of P on the horizontal plane; the
abcissa of P in the rotated plane is its distance from the z-axis, which is the
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eﬂﬂm ’iz
|

/

Figure 1.6: Cylindrical Coordinates

same as the polar coordinate r of P,,; and its ordinate in this plane is the
same as its vertical rectangular coordinate z.

We can think of this as a hybrid: combine the polar coordinates (r,6) of
the projection P, with the vertical rectangular coordinate z of P to obtain
the cylindrical coordinates (7,0, z) of P. Even though in principle r could
be taken as negative, in this system it is customary to confine ourselves
to r > 0. The relation between the cylindrical coordinates (r,6,z) and
the rectangular coordinates (x,y,z) of a point P is essentially given by
Equation (1.3):

r =1rcosf
y =rsind (1.6)
z =z

We have included the last relation to stress the fact that this coordinate is
the same in both systems. The inverse relations are given by (1.4), (1.5)
and the trivial relation z = z.

The name “cylindrical coordinates” comes from the geometric fact that
the locus of the equation r = ¢ (which in polar coordinates gives a circle of
radius ¢ about the origin) gives a vertical cylinder whose axis of symmetry
is the z-axis with radius c.

Cylindrical coordinates carry the ambiguities of polar coordinates: a
point on the z-axis has » = 0 and # arbitrary, while a point off the z-axis
has 6 determined up to adding even multiples of 7 (since r is taken to be
positive).
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For example, the point P with rectangular coordinates (—2\/3, 2,4) has
cylindrical coordinates

r=4

5
9:%—1—2n7r
z = 4.

Spherical Coordinates

Another coordinate system in space, which is particularly useful in problems
involving rotations around various axes through the origin (for example,
astronomical observations, where the origin is at the center of the earth) is
the system of spherical coordinates. Here, a point P is located relative
to the origin O by measuring the distance of P from the origin

p=|0OP|

together with two angles: the angle 8 between the xz-plane and the plane
containing the z-axis and the line OP, and the angle ¢ between the (positive)
z-axis and the line OP (Figure 1.7). Of course, the spherical coordinate

Figure 1.7: Spherical Coordinates

of P is identical to the cylindrical coordinate 6, and we use the same letter
to indicate this identity. While 6 is sometimes allowed to take on all real
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values, it is customary in spherical coordinates to restrict ¢ to 0 < ¢ < 7.
The relation between the cylindrical coordinates (7,6, z) and the spherical
coordinates (p, 0, ¢) of a point P is illustrated in Figure 1.8 (which is drawn
in the vertical plane determined by 6):

O

Figure 1.8: Spherical vs. Cylindrical Coordinates

r =psing
0 =90 (1.7)
zZ = pcoso.

To invert these relations, we note that, since p > 0 and 0 < ¢ < 7w by
convention, z and r completely determine p and ¢:

p =2+t
0 =6 (1.8)
¢ = arccos %.

The ambiguities in spherical coordinates are the same as those for cylindrical
coordinates: the origin has p = 0 and both 6 and ¢ arbitrary; any other point
on the z-axis (¢ = 0 or ¢ = 7) has arbitrary 6, and for points off the z-axis,
f can (in principle) be augmented by arbitrary even multiples of 7.

Thus, the point P with cylindrical coordinates

r=4
5%
0 =—
6
z=4

2Be warned that in some of the engineering and physics literature the names of the
two spherical angles are reversed, leading to potential confusion when converting between
spherical and cylindrical coordinates.
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has spherical coordinates

p
0

i
Eia
N

= g

o=

Combining Equations (1.6) and (1.7), we can write the relation between
the spherical coordinates (p, 8, ¢) of a point P and its rectangular coordi-
nates (x,y, z) as

xr = psin¢cost
y = psingsind (1.9)
zZ = pcosao.

The inverse relations are a bit more complicated, but clearly, given x, y and

Z7
p= V2 +y?+ 22 (1.10)

and ¢ is completely determined (if p # 0) by the last equation in (1.9), while
6 is determined by (1.4) and (1.6).
In spherical coordinates, the equation

p=R
describes the sphere of radius R centered at the origin, while
o=«

describes a cone with vertex at the origin, making an angle « (resp. ™ — «)
with its axis, which is the positive (resp. negative) z-axis if 0 < ¢ < 7/2
(resp. m/2 < ¢ < ).

Exercises for § 1.1

Practice problems:

1. Find the distance between each pair of points (the given coordinates
are rectangular):

(a) (1,1), (0,0)
(b) (17 _1)7 (_17 1)
(C) (_17 2)7 (27 5)



12 CHAPTER 1. COORDINATES AND VECTORS

(d) (1,1,1), (0,0,0)
(e) (1,2,3), (2,0,-1)
(f) (3,5,7), (1,7,5)

2. What conditions on the components signify that P(z,y, z) (rectangu-
lar coordinates) belongs to

)
)
)

d) the zy-plane?
) the zz-plane?
)

the yz-plane?

3. For each point with the given rectangular coordinates, find (i) its cylin-
drical coordinates, and (ii) its spherical coordinates:

(a) z=0,y=1, 2=~-1
b)z=1y=1,2=1
(c) levy:\/gaz:
(d) z2=1,y=+3, 2= -2
() z=—-V3,y=1,2=1
4. Given the spherical coordinates of the point, find its rectangular coor-
dinates:
s s
(a) p=2, 3 =3
T 2T
b) p=1, 0=- = —
(b) p=1, T $=3
2 T
(c) p=2, 3 9=
4 T
d) p=1, 0=— =—
(d) p=1, 5 9=3

5. What is the geometric meaning of each transformation (described in
cylindrical coordinates) below?

(a) (r,0,z) — (r,0,—2)
(b) (r,0,2) — (r,0 +7,2z)
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(c) (r,0,2) = (=0 — 7, 2)

. Describe the locus of each equation (in cylindrical coordinates) below:

(a) r
(b) 6
(c) =

I
—owy =

. What is the geometric meaning of each transformation (described in

spherical coordinates) below?

(@) (p,0,¢) — (p,0+m, ¢)
(b) (10707(25) - (p7077r - ¢)
(c) (p,0,0) — (2p,0 + 5, 0)

. Describe the locus of each equation (in spherical coordinates) below:

(a) p
(b) 0
(c) o=

coly win

. Express the plane z = z in terms of (a) cylindrical and (b) spherical

coordinates.

What conditions on the spherical coordinates of a point signify that it
lies on

(a) the z-axis?
(b) the y-axis?
(c
(d

(e) the xz-plane?

)

)

) the z-axis?
) the zy-plane?
)

(f) the yz-plane?

A disc in space lies over the region 22 4 y? < a?, and the highest point
on the disc has z = b. If P(z,y,2) is a point of the disc, show that it
has cylindrical coordinates satisfying

0<r<a
0<0 <27
z <b.
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Theory problems:
12. Prove the distance formula for R? (Equation (1.2))
[PQI = Va2 + Dy + B2 = /(wy — 21)2 + (y2 — 91)? + (22 — 21)%

as follows (see Figure 1.9). Given P(z1,y1,21) and Q(z2,y2, 22), let R
be the point which shares its last coordinate with P and its first two
coordinates with Q. Use the distance formula in R? (Equation (1.1))
to show that

dist(P, R) = \/(xg —11)%2+ (y2 — y1)?,

and then consider the triangle APRQ). Show that the angle at R is a
right angle, and hence by Pythagoras’ Theorem again,

|PQ| = \/|PR|> +|RQ[’

=/(r2 —71)2 + (y2 — 11)2 + (22 — 21)2.

Q(x2,y2, 22)

P($17y1721)

Figure 1.9: Distance in 3-Space

Challenge problem:

13. Use Pythagoras’ Theorem and the angle-summation formulas to prove
the Law of Cosines: If ABC' is any triangle with sides
a=|AC|
b= |BC|
c=|AB]|
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and the angle at C is ZAC'B = 0, then
® =a® 4+ b* — 2abcos . (1.11)

Here is one way to proceed (see Figure 1.10) Drop a perpendicular

|
|
|

x DY

Figure 1.10: Law of Cosines

from C to AB, meeting AB at D. This divides the angle at C into
two angles, satisfying
a+p5=20

and divides AB into two intervals, with respective lengths

|AD| =z
DBl =y
SO
r+y=c
Finally, set
|CD| = z.
Now show the following:
T =asina
y =bsin(

z=acosa = bcos 3
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and use this, together with Pythagoras’ Theorem, to conclude that

a? +b% =2 + y? + 227

& =ax? 4y + 2y

and hence
? = a® + b — 2abcos(a + B).

See Exercise 16 for the version of this which appears in FEuclid.

14. Oblique Coordinates: Consider an oblique coordinate system
on R?, in which the vertical axis is replaced by an axis making an
angle of a radians with the horizontal one; denote the corresponding
coordinates by (u,v) (see Figure 1.11).

u P
______ ?
v s ’
’
/, /v
Lo %

Figure 1.11: Oblique Coordinates

(a) Show that the oblique coordinates (u,v) and rectangular coordi-
nates (x,y) of a point are related by

T = U+ VCos

Yy =vsina.

(b) Show that the distance of a point P with oblique coordinates
(u,v) from the origin is given by

dist(P, 0) = \/u2 + v2 + 2 Juv]| cos a.

(¢) Show that the distance between points P (with oblique coordi-
nates (u1,v1)) and @ (with oblique coordinates (uz,v9)) is given
by

dist(P, Q) = /Au? + Av? 4+ 2Aul\v cos o
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where

Au = ug —ug

Av = v9 — 7.

(Hint: There are two ways to do this. One is to substitute the
expressions for the rectangular coordinates in terms of the oblique
coordinates into the standard distance formula, the other is to use
the law of cosines. Try them both. )

History note:

15. Given a right triangle with “legs” of respective lengths a and b and

hypotenuse of length ¢ (Figure 1.12) Pythagoras’ Theorem says

el

a

Figure 1.12: Right-angle triangle

that
2

& =a*+ b7
In this problem, we outline two quite different proofs of this fact.

First Proof: Considerbthe pair of figures in Figurl;a 1.13.
a a

o a
a

Figure 1.13: Pythagoras’ Theorem by Dissection

(a) Show that the white quadrilateral on the left is a square (that is,
show that the angles at the corners are right angles).
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(b) Explain how the two figures prove Pythagoras’ theorem.

A variant of Figure 1.13 was used by the twelfth-century Indian writer
Bhaskara (b. 1114) to prove Pythagoras’ Theorem. His proof consisted
of a figure related to Figure 1.13 (without the shading) together with
the single word “Behold!”.

According to Eves [13, p. 158] and Maor [35, p. 63], reasoning based
on Figure 1.13 appears in one of the oldest Chinese mathematical
manuscripts, the Caho Pei Suang Chin, thought to date from the Han
dynasty in the third century B.C.

The Pythagorean Theorem appears as Proposition 47, Book I of Eu-
clid’s Elements with a different proof (see below). In his translation
of the Elements, Heath has an extensive commentary on this theorem
and its various proofs [27, vol. I, pp. 350-368]. In particular, he (as
well as Eves) notes that the proof above has been suggested as possibly
the kind of proof that Pythagoras himself might have produced. Eves
concurs with this judgement, but Heath does not.

Second Proof: The proof above represents one tradition in proofs of
the Pythagorean Theorem, which Maor [35] calls “dissection proofs.”
A second approach is via the theory of proportions. Here is an exam-
ple: again, suppose AABC has a right angle at C; label the sides with
lower-case versions of the labels of the opposite vertices (Figure 1.14)
and draw a perpendicular C'D from the right angle to the hypotenuse.
This cuts the hypotenuse into two pieces of respective lengths ¢; and
Ca, SO

c=c1+Co. (1.12)

Denote the length of CD by =x.

(a) Show that the two triangles AACD and ACBD are both similar
to AABC.

(b) Using the similarity of ACBD with AABC, show that

or

a® = ccy.
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B
C1

C2

C b A

Figure 1.14: Pythagoras’ Theorem by Proportions

(¢) Using the similarity of AACD with AABC, show that

c b

b N Co
or

b2 = ceo.

(d) Now combine these equations with Equation (1.12) to prove Pythago-

ras’ Theorem.

The basic proportions here are those that appear in Euclid’s proof
of Proposition 47, Book I of the Flements , although he arrives at
these via different reasoning. However, in Book VI, Proposition 31 ,
Euclid presents a generalization of this theorem: draw any polygon
using the hypotenuse as one side; then draw similar polygons using
the legs of the triangle; Proposition 31 asserts that the sum of the
areas of the two polygons on the legs equals that of the polygon on
the hypotenuse. Euclid’s proof of this proposition is essentially the
argument given above.

The Law of Cosines for an acute angle is essentially given by Proposi-
tion 13 in Book IT of Euclid’s Elements[27, vol. 1, p. 406] :

In acute-angled triangles the square on the side subtending
the acute angle is less than the squares on the sides contain-
ing the acute angle by twice the rectangle contained by one
of the sides about the acute angle, namely that on which the
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perpendicular falls, and the straight line cut off within by the
perpendicular towards the acute angle.

Translated into algebraic language (see Figure 1.15, where the acute
angle is ZABC') this says

A

B D C

Figure 1.15: Euclid Book II, Proposition 13

|AC|? = |CBJ* + |BA|* — |CB||BD|.

Explain why this is the same as the Law of Cosines.

1.2 Vectors and Their Arithmetic

Many quantities occurring in physics have a magnitude and a direction—
for example, forces, velocities, and accelerations. As a prototype, we will
consider displacements.

Suppose a rigid body is pushed (without being turned) so that a distin-
guished spot on it is moved from position P to position @ (Figure 1.16). We
represent this motion by a directed line segment, or arrow, going from P to
() and denoted P—Q> Note that this arrow encodes all the information about
the motion of the whole body: that is, if we had distinguished a different
spot on the b% initially located at P’, then its motion would be described
by an arrow P’Q’ parallel to P—Cj and of the same length: in other words,
the important characteristics of the displacement are its direction and mag-
nitude, but not the location in space of its initial or terminal points (i.e.,
its tail or head).

A second important property of displacement is the way different dis-
placements combine. If we first perform a displacement moving our distin-
guished spot from P to @ (represented by the arrow P(Q) and then perform
a second displacement moving our spot from @ to R (represented by the
arrow Cﬁ), the net effect is the same as if we had pushed directly from P to
R. The arrow P—Jé representing this net displacement is formed by putting
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Figure 1.16: Displacement

arrow Cﬁ% with its tail at the head of ]?2 and drawing the arrow from the
tail of ]?2 to the head of Cﬁ% (Figure 1.17). More generally, the net effect
of several successive displacements can be found by forming a broken path
of arrows placed tail-to-head, and forming a new arrow from the tail of the
first arrow to the head of the last.

Figure 1.17: Combining Displacements

A representation of a physical (or geometric) quantity with these char-
acteristics is sometimes called a vectorial representation. With respect
to velocities, the “parallelogram of velocities” appears in the Mechanica,
a work incorrectly attributed to, but contemporary with, Aristotle (384-
322 BC) [24, vol. 1, p. 344], and is discussed at some length in the Me-
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chanics by Heron of Alexandria (ca. 75 AD) [24, vol. II, p. 348]. The
vectorial nature of some physical quantities, such as velocity, acceleration
and force, was well understood and used by Isaac Newton (1642-1727) in
the Principia [39, Corollary 1, Book 1 (p. 417)]. In the late eighteenth
and early nineteenth century, Paolo Frisi (1728-1784), Leonard Euler (1707-
1783), Joseph Louis Lagrange (1736-1813), and others realized that other
physical quantities, associated with rotation of a rigid body (torque, angular
velocity, moment of a force), could also be usefully given vectorial represen-
tations; this was developed further by Louis Poinsot (1777-1859), Siméon
Denis Poisson (1781-1840), and Jacques Binet (1786-1856). At about the
same time, various geometric quantities (e.g., areas of surfaces in space)
were given vectorial representations by Gaetano Giorgini (1795-1874), Si-
mon Lhuilier (1750-1840), Jean Hachette (1769-1834), Lazare Carnot (1753-
1823)), Michel Chasles (1793-1880) and later by Hermann Grassmann (1809-
1877) and Giuseppe Peano (1858-1932). In the early nineteenth century,
vectorial representations of complex numbers (and their extension, quater-
nions) were formulated by several researchers; the term vector was coined
by William Rowan Hamilton (1805-1865) in 1853. Finally, extensive use
of vectorial properties of electromagnetic forces was made by James Clerk
Maxwell (1831-1879) and Oliver Heaviside (1850-1925) in the late nineteenth
century. However, a general theory of vectors was only formulated in the
very late nineteenth century; the first elementary exposition was given by
Edwin Bidwell Wilson (1879-1964) in 1901 [54], based on lectures by the
American mathematical physicist Josiah Willard Gibbs (1839-1903)° [17].

By a geometric vector in R? (or R?) we will mean an “arrow” which can
be moved to any position, provided its direction and length are maintained.*
We will denote vectors with a letter surmounted by an arrow, like this: @'.
We define two operations on vectors. The sum of two vectors is formed by
moving W so that its “tail” coincides in position with the “head” of ', then
forming the vector ¥ 4+ w whose tail coincides with that of @ and whose
head coincides with that of w (Figure 1.18). If instead we place w with its
tail at the position previously occupied by the tail of @ and then move o’
so that its tail coincides with the head of w, we form w + @', and it is clear
that these two configurations form a parallelogram with diagonal

— — — —
V4w =w+ v

(Figure 5.18). This is the commutative property of vector addition.

31 learned much of this from Sandro Caparrini [6, 7, 8]. This narrative differs from the
standard one, given by Michael Crowe [10]
4This mobility is sometimes expressed by saying it is a free vector.
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Figure 1.18: Sum of two vectors

gl

S

Figure 1.19: Parallelogram Rule (Commutativity of Vector Sums)

A second operation is scaling or multiplication of a vector by a
number. We naturally define

1—)_—>
v v

2V =v + 70

IV =04+ 0 +0=20+7

and so on, and then define rational multiples by

— M — —
vV=—wW S nv =mu;
n
finally, suppose
m;
M N/
2

is a convergent sequence of rationals. For any fixed vector ¥, if we draw
arrows representing the vectors (m;/n;)v with all their tails at a fixed
position, then the heads will form a convergent sequence of points along a
line, whose limit is the position for the head of ¢v'. Alternatively, if we
pick a unit of length, then for any vector ¥ and any positive real number
r, the vector rv has the same direction as v, and its length is that of
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@ multiplied by r. For this reason, we refer to real numbers (in a vector
context) as scalars.
If
+ W
then it is natural to write
V=u-—-w
and from this (Figure 1.20) it is natural to define the negative —w of a
vector W as the vector obtained by interchanging the head and tail of w.
This allows us to also define multiplication of a vector @ by any negative

—
— w

Figure 1.20: Difference of vectors

real number r = — |r| as
(= IV = [r] (=)

—that is, we reverse the direction of ¥ and “scale” by |r|.

Addition of vectors (and of scalars) and multiplication of vectors by
scalars have many formal similarities with addition and multiplication of
numbers. We list the major ones (the first of which has already been noted
above):

e Addition of vectors is
W+ v, and

associative: u + (v + W) = (¥ + V) + W.

. — —
commutative: v 4+ w =

e Multiplication of vectors by scalars

distributes over vector sums: 7(

. . —
distributes over scalar sums: (r+s)v =7
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We will explore some of these properties further in Exercise 3.

The interpretation of displacements as vectors gives us an alternative
way to represent vectors. We will say that an arrow representing the vector
7 is in standard position if its tail is at the origin. Note that in this case
the vector is completely determined by the position of its head, giving us a
natural correspondence between vectors v in R? (or R?) and points P € R?
(resp. R?). ¥ corresponds to P if the arrow OP from the origin to P is a
representation of ¥': that is, ¥ is the vector representing that displacement
of R? which moves the origin to P; we refer to v as the position vector
of P. We shall make extensive use of the correspondence between vectors
and points, often denoting a point by its position vector p € R3.

Furthermore, using rectangular coordinates we can formulate a numerical
specification of vectors in which addition and multiplication by scalars is very
easy to calculate: if v = (TP and P has rectangular coordinates (z,v, 2),
we identify the vector v with the triple of numbers (x,y,z) and write v =
(z,y,z). We refer to x, y and z as the components or entries of ©". Then
if W= (?C—j where Q = (Az, Ay, Az) (that is, w = (Ax, Ay, Az)), we see
from Figure 1.21 that

Figure 1.21: Componentwise addition of vectors
U+ W= (x4 Ax,y + Ay, 2+ Az);

that is, we add vectors componentwise.
Similarly, if r is any scalar and v = (z,y, z), then

rv = (rz,ry,rz)

a scalar multiplies all entries of the vector.
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This representation points out the presence of an exceptional vector—the
zero vector

0 := (0,0,0)

which is the result of either multiplying an arbitrary vector by the scalar
Zero _

07 = 0
or of subtracting an arbitrary vector from itself

T-T=0.

As a point, 0 corresponds to the origin O itself. As an “arrow”, its tail
and head are at the same position. As a displacement, it corresponds to
not moving at all. Note in particular that the zero vector does not have a
well-defined direction—a feature which will be important to remember in
the future. From a formal, algebraic point of view, the zero vector plays the
role for wvector addition that is played by the number zero for addition of
numbers: it is an additive identity element, which means that adding it
to any vector gives back that vector:

T+0=7"=0+47.

A final feature that is brought out by thinking of vectors in R? as triples
of numbers is that we can recover the entries of a vector geometrically. Note
that if v = (z,vy, 2) then we can write

v = (2,0,0) + (0,y,0) + (0,0, 2)
= 2(1,0,0) +y(0,1,0) + 2(0,0,1).
This means that any vector in R? can be expressed as a sum of scalar

multiples (or linear combination) of three specific vectors, known as the
standard basis for R3, and denoted

7 = (1,0,0)
7 =1(0,1,0)
2

k =(0,0,1).

It is easy to see that these are the vectors of length 1 pointing along the three
(positive) coordinate axes (see Figure 1.22). Thus, every vector v € R? can
be expressed as
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Figure 1.22: The Standard Basis for R3

We shall find it convenient to move freely between the coordinate notation
U = (z,y,2) and the “arrow” notation v = x77 +yJ + z?; generally,
we adopt coordinate notation when @ is regarded as a position vector, and
“arrow” notation when we want to picture it as an arrow in space.

We began by thinking of a vector ¥ in R? as determined by its mag-
nitude and its direction, and have ended up thinking of it as a triple of
numbers. To come full circle, we recall that the vector v = (z,v, 2) has as
its standard representation the arrow OP from the origin O to the point P
with coordinates (z,v, z); thus its magnitude (or length, denoted ‘?!) is
given by the distance formula

When we want to specify the direction of o', we “point”, using as our
standard representation the unit vector—that is, the vector of length 1—
in the direction of . From the scaling property of multiplication by I‘E?}il
numbers, we see that the unit vector in the direction of a vector ¥ (v # 0)
is

— RN

u = V.
[Vl

N
In particular, the standard basis vectors 7', J’, and k are unit vectors along
the (positive) coordinate axes.

This formula for unit vectors gives us an easy criterion for deciding
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whether two vectors point in parallel directions. Given (nonzero®

v and w, the respective unit vectors in the same direction are

) vectors

o= 4
[V

o=
||

The two vectors v and W point in the same direction precisely if the two
unit vectors are equal

— — —
Up=Ug=u
or
— — =
v =|7|u
— — =
w=|w|u.
This can also be expressed as
T =\
W=
A
where the (positive) scalar A is
V]
)\ = = -
[
Similarly, the two vectors point in opposite directions if the two unit vectors

are negatives of each other, or

U = \w
W =17
A
where the negative scalar X is
V']
A _:.
|

So we have shown

5A vector is nonzero if it is not equal to the zero vector. Thus, some of its entries
can be zero, but not all of them.
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Remark 1.2.1. For two nonzero vectors v = (x1,y1,21) and W = (x2,y2, 22),
the following are equivalent:

e U and W point in parallel or opposite directions;

— —
e v = \W for some nonzero scalar \;

— —
o w = N7 for some nonzero scalar \;

T Y1 <1 .
o — == — =\ for some nonzero scalar \ (where if one of the en-
T2 Y2 <2

tries of W is zero, so is the corresponding entry of v, and the corre-
sponding ratio is omitted from these equalities.)

T2 2 22 .
2_92_2_y for some nonzero scalar N (where if one of the

T Y1 21
entries of W is zero, so is the corresponding entry of v, and the

corresponding ratio is omitted from these equalities.)

The values of X (resp. N') are the same wherever they appear above, and N
is the reciprocal of X.

A (hence also \') is positive precisely if ¥ and W point in the same
direction, and negative precisely if they point in opposite directions.

Two (nonzero) vectors are linearly dependent if they point in either
the same or opposite directions—that is, if we picture them as arrows from
a common initial point, then the two heads and the common tail fall on a
line (this terminology will be extended in Exercise 6—but for more than two
vectors, the condition is more complicated). Vectors which are not linearly
dependent are linearly independent.

Exercises for § 1.2

Practice problems:

1. In each part, you are given two vectors, v and w. Find (i) ¥ + w;
(i) v — W (iii) 270; (iv) 30 —2w; (v) the length of @', ||7'||; (vi) the
unit vector @ in the direction of '

(a) = (374)7 W= (_172)

—
v
(b) 7' =
—
v
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2. In each case below, decide whether the given vectors are linearly de-
pendent or linearly independent.

(a) (1,2), (2,4)

(b) (1,2), (2,1)

(c) (=1,2), (3,-6)

(d) (=1,2), (2,1)

(e) (2,-2,6), (—3,3,9)

() (~1,1,3), (3,3, —9)

(g T+ 7+ k, 27 —27+2k
(h) 27 —47 +2%, -7 +27 — k

Theory problems:

3. (a) We have seen that the commutative property of vector addition
can be interpreted via the “parallelogram rule” (Figure 5.18).
Give a similar pictorial interpretation of the associative property.

(b) Give geometric arguments for the two distributive properties of
vector arithmetic.

(¢) Show that if

av =0
then either
a=20
or
T=0.

(Hint: What do you know about the relation between lengths for
— —
v and av'?)

(d) Show that if a vector v satisfies
av =bv

—
where a # b are two specific, distinct scalars, then 7 = 0.
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4.

(e) Show that vector subtraction is not associative.

(a) Show that if ¥ and w are two linearly independent vectors in the
plane, then every vector in the plane can be expressed as a linear
combination of ¥ and w. (Hint: The independence assumption
means they point along non-parallel lines. Given a point P in
the plane, consider the parallelogram with the origin and P as
opposite vertices, and with edges parallel to " and w. Use this
to construct the linear combination.)

(b) Now suppose u, v and W are three nonzero vectors in R3. If v’
and W are linearly independent, show that every vector lying in
the plane that contains the two lines through the origin parallel
to © and w can be expressed as a linear combination of ¥ and
wW. Now show that if % does not lie in this plane, then every
vector in R? can be expressed as a linear combination of u, ¥
and W.

The two statements above are summarized by saying that v and w
(resp. W, v and W) span R? (resp. R3).

Challenge problem:

o.

Show (using vector methods) that the line segment joining the mid-
points of two sides of a triangle is parallel to and has half the length
of the third side.

. Given a collection {¥'1, ¥'a,..., U} of vectors, consider the equation

(in the unknown coefficients cy,. .. ,c)
aAv1+ Vot U = 6>; (1.13)

that is, an expression for the zero vector as a linear combination of the
given vectors. Of course, regardless of the vectors @';, one solution of
this is
cg=c=---=0

the combination coming from this solution is called the trivial com-
bination of the given vectors. The collection {¥'y, Va,..., U} is
linearly dependent if there exists some nontrivial combination of
these vectors—that is, a solution of Equation (1.13) with at least one
nonzero coefficient. It is linearly independent if it is not linearly
dependent—that is, if the only solution of Equation (1.13) is the trivial
one.
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(a) Show that any collection of vectors which includes the zero vector
is linearly dependent.

(b) Show that a collection of two nonzero vectors {v'1, v'2} in R? is
linearly independent precisely if (in standard position) they point
along non-parallel lines.

(c) Show that a collection of three position vectors in R? is linearly
dependent precisely if at least one of them can be expressed as a
linear combination of the other two.

(d) Show that a collection of three position vectors in R? is linearly in-
dependent precisely if the corresponding points determine a plane
in space that does not pass through the origin.

(e) Show that any collection of four or more vectors in R? is linearly
dependent. (Hint: Use either part (a) of this problem or part (b)
of Exercise 4.)

1.3 Lines in Space

Parametrization of Lines

A line in the plane is the locus of a “linear” equation in the rectangular
coordinates x and y
Az + By =C

where A, B and C are real constants with at least one of A and B nonzero.
A geometrically informative version of this is the slope-intercept formula
for a non-vertical line

y=mx+b (1.14)

where the slope m is the tangent of the angle the line makes with the
horizontal and the y-intercept b is the ordinate (signed height) of its in-
tersection with the y-axis.

Unfortunately, neither of these schemes extends verbatim to a three-
dimensional context. In particular, the locus of a “linear” equation in the
three rectangular coordinates x, y and z

Ax+ By+Cz=D

is a plane, not a line. Fortunately, though, we can use vectors to imple-
ment the geometric thinking behind the point-slope formula (1.14). This
formula separates two pieces of geometric data which together determine a
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line: the slope reflects the direction (or tilt) of the line, and then the y-
intercept distinguishes between the various parallel lines with a given slope
by specifying a point which must lie on the line. A direction in 3-space
cannot be determined by a single number, but it is naturally specified by a
nonzero vector, so the three-dimensional analogue of the slope of a line is a
direction vector

T =a7+b7 +ck

to which it is parallel.® Then, to pick out one among all the lines parallel to
o, we specify a basepoint Py(x0,yo0, 20) through which the line is required
to pass.

The points lying on the line specified by a particular direction vector
o and basepoint Py are best described in terms of their position vectors.
Denote the position vector of the basepoint by

—
Po=x00 +yoJ +20k;

then to reach any other point P(x,v,2) on the line, we travel parallel to o’

P
from Py, which is to say the displacement PyP from Py is a scalar multiple
of the direction vector:

—

POP =tv.
The position vector p (t) of the point corresponding to this scalar multiple
of ¥ is

P(t) =Po+tv

which defines a vector-valued function of the real variable ¢. In terms of
coordinates, this reads

T =1x9+ at
=90+ bt
z = zg9 + ct.

We refer to the vector-valued function p () as a parametrization; the
coordinate equations are parametric equations for the line.

The vector-valued function p’(t) can be interpreted kinematically: it
gives the position vector at time ¢ of the moving point whose position at
time ¢t = 0 is the basepoint Fj, and which is travelling at the constant
velocity . Note that to obtain the full line, we need to consider negative

In general, we do not need to restrict ourselves to unit vectors; any nonzero vector
will do.
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as well as positive values of t—that is, the domain of the function ' (t) is
the whole real line, —o0 < t < 0.

It is useful to keep in mind the distinction between the parametrization
7 (t), which represents a moving point, and the line ¢ being parametrized,
which is the path of this moving point. A given line £ has many different
parametrizations: we can take any point on £ as Py, and any nonzero vector
pointing parallel to ¢ as the direction vector v'. This ambiguity means we
need to be careful when making geometric comparisons between lines given
parametrically. Nonetheless, this way of presenting lines exhibits geometric
information in a very accessible form.

For example, let us consider two lines in 3-space. The first, ¢1, is given
by the parametrization

Pi(t)=(1,-2,3) +t(—=3,-2,1)

or, in coordinate form,

r = 1 -3t
y = —2 =2t
z = 3 +t

while the second, ¢o, is given in coordinate form as

r = 1 +6¢
y = 41
z = 1 =2t

We can easily read off from this that 5 has parametrization

Comparing the two direction vectors

=l =

we see that
Vo =27

so the two lines have the same direction—either they are parallel, or they
coincide. To decide which is the case, it suffices to decide whether the
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basepoint of one of the lines lies on the other line. Let us see whether the
basepoint of /9y

?2(0) = (17 0, 1)

lies on ¢1. This means we need to see if for some value of ¢t we have P'2(0) =
—
p1(t), or

1 = 1 -3t
= -2 =2t
1 = 3+t

It is easy to see that the first equation requires ¢ = 0, the second requires

t = —1, and the third requires t = —2; there is no way we can solve all three

simultaneously. It follows that ¢; and /5 are distinct, but parallel, lines.
Now, consider a third line, /3, given by

r = 1 43t
y = 2 +t
z = =3 +t.

We read off its direction vector as

Vs =374+ 7+ k

which is clearly not a scalar multiple of the other two. This tells us imme-
diately that /3 is different from both ¢; and ¢y (it has a different direction).
Let us ask whether ¢, intersects £3. It might be tempting to try to answer
this by looking for a solution of the vector equation

Pa(t) = Pa(t)

but this would be a mistake. Remember that these two parametrizations
describe the positions of two points—one moving along ¢ and the other
moving along f3—at time t. The equation above requires the two points
to be at the same place at the same time—in other words, it describes a
collision. But all we ask is that the two paths cross: it would suffice to
locate a place occupied by both moving points, but possibly at different
times. This means we need to distinguish the parameters appearing in the
two functions p'2(t) and p'3(t), by renaming one of them (say the first) as
(say) s: the vector equation we need to solve is
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which amounts to the three equations in two unknowns

1 +6s = 1 43t
4s = 2+t
1 —2s = -3 +t.

The first equation can be reduced to the condition
25 =1t
and substituting this into the other two equations

2t = 2 4t
1 -t = -3 +¢

we end up with the solution

t=2

s=1
—that is, the lines /> and /3 intersect at the point
P2(l) = (7,4,-1) = p3(2).

Now let us apply the same process to see whether ¢; intersects £3. The
vector equation

P1(s) = Ds(t)

yields the three coordinate equations

1 —3s = 1 43t
-2 —2s = 2+t
3 +s = -3 +t.

You can check that these imply, respectively

s = —t
—2s = 4 4t
s = —6 +t.

Substituting the first equality into the other two yields, respectively

2% = 4 +t
—t = —6 +t
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and the only value of ¢ for which the first (resp. second) holds is, respectively,

t=14
t=3.

Thus our three coordinate equations cannot be satisfied simultaneously; it
follows that ¢; and ¢35 do not intersect, even though they are not parallel.
Such lines are sometimes called skew lines .

Geometric Applications

A basic geometric fact is that any pair of distinct points determines a
line. Given two points Pj(x1,y1,21) and Pa(x2,y2,22), how do we find a
parametrization of the line ¢ they determine?

Suppose the position vectors of the two points are

_
Pi=m 0 +y g +ak

—
?2:x27+y27+22k.

—
The vector Py P, joining them lies along ¢, so we can use it as a direction
vector: .

7:?2—?1 :Ax7+Ay7+Azk
where Ax = x9—x1, Ay = yo—y1, and Az = zo—z1. Using P; as basepoint,
this leads to the parametrization

—

p(t)="71+t0v
=P1+t(P2—7D1)
=1-t)P1+tpo.

Note that we have set this up so that

(0) =71
(1) =72

STILST

The full line £ through these points corresponds to allowing the param-
eter to take on all real values. However, if we restrict ¢ to the interval
0 <t <1, the corresponding points fill out the line segment P; P. Since
the point p’(t) is travelling with constant velocity, we have the following
observations:
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Remark 1.3.1 (Two-Point Formula). Suppose Pj(x1,y1,21) and Py(z2,y2, 22)
are distinct points. The line through Py and Ps is given by the parametriza-
tion”

N

Pt)=01-1)7p1+tP>

with coordinates

x=(1—t)xy + txo
y= 1=ty +tys
z=(1—1t)z + tzo.

The line segment PP, consists of the points for which 0 < t < 1. The
value of t gives the portion of Py Py represented by the segment Py (t); in
particular, the midpoint of P, P> has position vector

1 1 1 1
5(71 + 7o) = (-(961 + z2), §(y1 +y2), 5(2’1 + 22)> .

We will use these ideas to prove the following.

Theorem 1.3.2. In any triangle, the three lines joining a vertex to the
midpoint of the opposite side meet at a single point.

Proof. Label the vertices of the triangle A, B and C, and their position
vectors a, 7 and ¢, respectively. Label the midpoint of each side with
the name of the opposite vertex, primed; thus the midpoint of BC' (the side
opposite vertex A) is A’ (see Figure 1.23). From Remark 1.3.1 we see that
the position vectors of the midpoints of the sides are

(TA’:%(?+?)

OB = (7 +7)
—2 C a

w:%(?+?),

and so the line /4 through A and A’ can be parametrized (using r as the

parameter) by
Tar) =0T +o(b+2)=(1-rT+5b

(

"This is the parametrized form of the two-point formula for a line in the plane
determined by a pair of points.

+§C.

N3
N3
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xT

Figure 1.23: Theorem 1.3.2

Similarly, the other two lines £p and ¢¢ are parametrized by

P B(s)= %E) +(1— s)? + g?
t t
Do) = 5? + 57 +(1-t7%C.

To find the intersection of £4 with £, we need to solve the vector equa-
tion

.
which, written in terms of @, b

r— r s
l-MNd+=b+-Cc=-d+(1-s
(1=n)T+ 20 +20 =T +(1-5)
Assuming the triangle AABC is nondegenerate—which is to say, none of @,
—

b or ¢ can be expressed as a linear combination of the others—this equality
can only hold if corresponding coefficients on the two sides are equal. This
leads to three equations in two unknowns

—~
[a—
|

<

S~—
I
N ®»

I
—~
[a—

—s)

N3N 3
N ®»
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The last equation requires
r=3:
turning the other two equations into
r
l—r=_2
2

and leading to the solution

and so we see that the three lines £4, /5 and £o all intersect at the point
given by

- (2 - (2 - (2 1., 1— 1_,

pA<3) p3<3) pc<3> SRR VR

The point given in the last equation is sometimes called the barycenter
of the triangle AABC. Physically, it represents the center of mass of
equal masses placed at the three vertices of the triangle. Note that it can
also be regarded as the (vector) arithmetic average of the three position

g

vectors @, b and ¢. In Exercise 9, we shall explore this point of view
further.

Exercises for § 1.3

Practice problems:

1. For each line in the plane described below, give (i) an equation in the
form Az+ By+C = 0, (ii) parametric equations, and (iii) a parametric
vector equation:

(a) The line with slope —1 through the origin.
(b) The line with slope —2 and y-intercept 1.
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(¢) The line with slope 1 and y-intercept —2.
(d) The line with slope 3 going through the point (—1,2).
(e) The line with slope —2 going through the point (—1,2).

2. Find the slope and y-intercept for each line given below:

3. For each line in R3 described below, give (i) parametric equations, and
(ii) a parametric vector equation:

(a) The line through the point (2,—1,3) with direction vector v =
T 427+ k.

(b) The line through the points (—1,2,—3) and (3, -2, 1).

(¢) The line through the points (2,1,1) and (2,2,2).

(d) The line through the point (1,3, —2) parallel to the line

r =2-—3t
y =1+3t
z =22t

4. For each pair of lines in the plane given below, decide whether they
are parallel or if not, find their point of intersection.
(a) x+y=3and 3z —3y =3
(b) 2 —2y =2 and 2y — 2z = 2
()

r =142t and r =2—t

y =—-1+t y =—4+2t
(d)

r =2—4t and r =142t

y =-1-2t y =—4+t
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5. Find the points at which the line with parametrization

D)= (3+2t,7+8t,-2+1)

that is,
r=3+2t
y="7+38t
z=—-2+t

intersects each of the coordinate planes.

6. Determine whether the given lines intersect:

(a)

T =3t+2

y=t—1

z=06t+1
and

r=3t—1

y=t—2

z =1

(b)

r=t+4

y=4t+5

z=1t—2
and

r=2t+3

y=t+1

z=2t—3.

Theory problems:
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7. Show that if % and @ are both unit vectors, placed in standard po-
sition, then the line through the origin parallel to @ + ¥ bisects the
angle between them.

8. The following is implicit in the proof of Book V, Proposition 4 of
Euclid’s Elements [27, pp. 85-88] . Here, we work through a proof
using vectors; we work through the proof of the same fact following
Euclid in Exercise 11

Theorem 1.3.3 (Angle Bisectors). In any triangle, the lines which
bisect the three interior angles meet in a common point.

Note that this is different from Theorem 1.3.2 in the text.

Figure 1.24: Theorem 1.3.3

—
Suppose the position vectors of the vertices 4, B, and C are a, b
and ¢ respectively.

(a) Show that the unit vectors pointing counterclockwise along the
edges of the triangle (see Figure 1.24) are as follows:

— - —
u=vb—-vya
— — -
v =ac —ab
— — —
w=0d — ¢
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where
Yo L
|BC]
1
7= 1acy
_ 1
LRVVz]

are the reciprocals of the lengths of the sides (each length is la-
belled by the Greek analogue of the name of the opposite vertex).

(b) Show that the line 4 bisecting the angle ZA can be given as
Talr)=(1—r8-r)a +ryb +157
and the corresponding bisectors of /B and ZC are

B(s) =syad + (1 — sa — 37)? +sa’c
clt) =tBa +tab + (1 —ta—tB8)C

STCTE

(¢) Show that the intersection of £4 and ¢p is given by
B «
" ST a T
_ p
aB + py+ya

(d) Show that the intersection of {p and ¢¢ is given by

g

" B+ By + e
o

T af+ By taa
(e) Conclude that all three lines meet at the point given by

s (wsre)
PA\aB+ 5y e

_—) /8 _—)
_p3<a6+ﬂv+va>_p

< ¢ >

— By +’yab +afc )
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Challenge problem:

9. Barycentric Coordinates: Show that if @, ? and ¢ are the posi-
tion vectors of the vertices of a triangle AABC in R?, then the position
vector v’ of every point P in that triangle (lying in the plane deter-
mined by the vertices) can be expressed as a linear combination of @,

D and ¢

V= MT b AT
with

0< )\ <lfori=1,23
and

A+ X4+ A3 =1.

(Hint: (see Figure 1.25) Draw a line from vertex A through P, and
observe where it meets the opposite side; call this point D. Use Re-
—
mark 1.3.1 to show that the position vector d of D is a linear com-
—

bination of b and ¢, with coefficients between zero and one and
summing to 1. Then use Remark 1.3.1 again to show that v’ is a
. . . g —_

linear combination of d and a'.)

A e

Figure 1.25: Barycentric Coordinates

The numbers ); are called the barycentric coordinates of P with
respect to A, B and C. Show that P lies on an edge of the triangle
precisely if one of its barycentric coordinates is zero.

Barycentric coordinates were introduced (in a slightly different form)
by August Mé&bius (1790-1860)) in his book Barycentrische Calcul
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(1827). His name is more commonly associated with “Mdébius trans-
formations” in complex analysis and with the “Mobius band” (the
one-sided surface that results from joining the ends of a band after
making a half-twist) in topology.®

Find a line that lies entirely in the set defined by the equation z? +
2_ .2
ye—z°=1.

History note:

11.

Heath [27, pp. 85-88] points out that the proof of Proposition 4,
Book IV of the Elements contains the following implicit proof of The-
orem 1.3.3 (see Figure 1.26). This was proved by vector methods in
Exercise 8.

B ' e,

Figure 1.26: Euclid’s proof of Theorem 1.3.3

(a) The lines bisecting ZB and ZC intersect at a point D above BC,
because of Book I, Postulate 5 (known as the Parallel Postulate
):
That, if a straight line falling on two straight lines make
the interior angles on the same side less than two right
angles, the two straight lines, if produced indefinitely,
meet on that side on which are the angles less than the
two right angles.

Why do the interior angles between BC' and the two angle bisec-
tors add up to less than a right angle? (Hint: What do you know
about the angles of a triangle?)

8The “Md&bius band” was independently formulated by Johann Listing (1808-1882)
at about the same time—in 1858, when Mobius was 68 years old. These two are often
credited with beginning the study of topology. [31, p. 1165]
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(b) Drop perpendiculars from D to each edge of the triangle, meeting
the edges at F/, F and G.

(c) Show that the triangles ABF D and ABED are congruent. (Hint:
ASA—angle, side, angle!)

(d) Similarly, show that the triangles ACFD and ACGD are con-
gruent.

(e) Use this to show that

\DE| = |DF| = |DG].

(f) Now draw the line DA. Show that the triangles AAGD and
AAED are congruent. (Hint: Both are right angles; compare
one pair of legs and the hypotenuse.)

(g) Conclude that ZEAD = ZADG—which means that DA bisects
ZA. Thus D lies on all three angle bisectors.

1.4 Projection of Vectors; Dot Products

Suppose a weight is set on a ramp which is inclined 8 radians from the
horizontal (Figure 1.27). The gravitational force g on the weight is directed

Figure 1.27: A weight on a ramp

downward, and some of this is countered by the structure holding up the
ramp. The effective force on the weight can be found by expressing ¢ as a
sum of two (vector) forces, ¢’ | perpendicular to the ramp, and ?” parallel
to the ramp. Then ¢ | is cancelled by the structural forces in the ramp,
and the net unopposed force is 7”, the projection of ¢ in the direction of
the ramp.

To abstract this situation, recall that a direction is specified by a unit
vector. The (vector) projection of an arbitrary vector @ in the direction
specified by the unit vector « is the vector

projz v = (|v|cos )
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K
projz v
/7
— \
U N
EANAN
—
v
F
Figure 1.28: Projection of a Vector

where 6 is the angle between W and v (Figure 1.28). Note that replacing
7 with its negative replaces 6 with m — 6, and the projection is unchanged:

proj_z v = (|V'| cos(m — 0)) ()
= (= [V]cos(8))(~ )
= (|V'| cos(9))()

.=
= projg v.

This means that the projection of a vector in the direction specified by o
depends only on the line parallel to % (not the direction along that line).

If W is any nonzero vector, we define the projection of ¥ onto (the
direction of) w as its projection onto the unit vector u = w/|w| in the
direction of w:

N
projm U = projm v = <% Ccos 9> w. (1.15)

How do we calculate this projection from the entries of the two vectors?
To this end, we perform a theoretical detour.’

Suppose v = (x1,y1, 21) and W = (22,2, 22); how do we determine the
angle 8 between them? If we put them in standard position, representing v’
by OP and @ by w (Figure 1.29), then we have a triangle AOPQ with
angle 6 at the origin, and two sides given by

a=|V|=/2? +y}+ 22
b=|w|=1/23+y2 + 22.

The distance formula lets us determine the length of the third side:

¢ =dist(P,Q) = v/ Ax2 + Ay2 + Az2.

9Thanks to my student Benjamin Brooks, whose questions helped me formulate the
approach here.
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P(x1,y1,21)

Q(‘rQa Y2, ZQ)

7/
Figure 1.29: Determining the Angle

But we also have the Law of Cosines (Exercise 13):

& =a® +b*> —2abcos b
or

2abcos § = a* + b? — . (1.16)
We can compute the right-hand side of this equation by substituting the
expressions for a, b and ¢ in terms of the entries of ¥ and w:

a® + b — ¢ = (af + 7+ 2f) + (25 +y3 + 23) — (Aa® + Ay’ + A27).

Consider the terms involving z:

223:%—1—3:%—(3:1—:52)2

z3 423 — Az
=2 + 22 — (2% — 2x120 + 22)
= 23)13}2.
Similar calculations for the y- and z-coordinates allow us to conclude that

a4+ - = 2(z1xe + y1y2 + 2122)

and hence, substituting into Equation (1.16), factoring out 2, and recalling
that a = | 7’| and b = |w|, we have

0| W] cos 0 = w122 + y1y2 + 2122 (1.17)

This quantity, which is easily calculated from the entries of @ and w (on
the right) but has a useful geometric interpretation (on the left), is called the
dot product'’ of v andw. Equation (1.17) appears already (with somewhat
different notation) in Lagrange’s 1788 Méchanique Analitique [34, N.11], and

10 Also the scalar product, direct product, or inner product
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also as part of Hamilton’s definition (1847) of the product of quaternions [22],
although the scalar product of vectors was apparently not formally identified
until Wilson’s 1901 textbook [54], or more accurately Gibbs’ earlier (1881)
notes on the subject [17, p. 20].

Definition 1.4.1. Given any two vectors v = (x1,y1,21) and W = (x2,Ya, 22)
in R3, their dot product is the scalar

- —
VoW = X1T2 + Y1Y2 + 2129.

The definition of the dot product exhibits a number of algebraic prop-
erties, which we leave to you to verify (Exercise 3):

Proposition 1.4.2. The dot product has the following algebraic properties:

1. It is commutative:

2. It distributes over vector sums " :
U (V4w = - A+

3. it respects scalar multiples:

(rv)-w=rv -W)="7-(rw).

Also, the geometric interpretation of the dot product given by Equa-
tion (1.17) yields a number of geometric properties:

Proposition 1.4.3. The dot product has the following geometric properties:

— = — = .
1. v - w = |V||w]|cosh, where 6 is the angle between the “arrows”

. — —
representing v and W .

2. v - w = 0 precisely if the arrows representing v and W are perpen-
dicular to each other, or if one of the vectors is the zero vector.
— — — 2
3. v -v =7
_

_
4. projg v = <¥> W (provided W # ?)
W w

—

1 In this formula, % is an arbitrary vector, not necessarily of unit length.
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We note the curiosity in the second item: the dot product of the zero
vector with any vector is zero. While the zero vector has no well-defined
direction, we will find it a convenient fiction to say that the zero vector is
perpendicular to every vector, including itself.

Proof. 1. This is just Equation (1.17).

2. This is an (almost) immediate consequence: if |v'| and |w| are both
. — N = — — .
nonzero (i.e., v # 0 # w) then v - w = 0 precisely when cosf = 0,
and this is the same as saying that @ is perpendicular to w (denoted
—
W L w ). But if either ¥ or w is 0, then clearly ¥ - W = 0 by
either side of Equation (1.17).

3. This is just (1) when ¥ = @, which in particular means 6 = 0, or
cosf = 1.

4. This follows from Equation (1.15) by substitution:

A

w7 = () @
projp v = cosf | w

(3
:< >w.

These interpretations of the dot product make it a powerful tool for
attacking certain kinds of geometric and mechanical problems. We consider
two examples below, and others in the exercises.

Distance from a point to a line: Given a point () with coordinate
vector ¢ and a line ¢ parametrized via

<] g

gl

S
gl

el
gl

0

Pt)=TPo+tv

let us calculate the distance from @ to £. We will use the fact that this
distance is achieved by a line segment from ) to a point R on the line such
that QR is perpendicular to ¢ (Figure 1.30). We have

—_—
PQ =79 — 7o
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Figure 1.30: Distance from Point to Line

We will denote this, for clarity, by

— — —
= qg —Po
=3 . SR
PyR = projz Po@
. —
= Pprojy w
SO
WU
PR = —=
V]

and thus by Pythagoras’ Theorem

IQR? = |PyQJ* — |PyR|?

m >

—
'?))
— —
v v

/_\

@l
~—
[\

Another approach is outlined in Exercise 7.

Angle cosines: A natural way to try to specify the direction of a line
through the origin is to find the angles it makes with the three coordinate
axes; these are sometimes referred to as the Euler angles of the line. In
the plane, it is clear that the angle o between a line and the horizontal is
complementary to the angle 3 between the line and the vertical. In space,
the relation between the angles «, 6 and ~ which a line makes with the
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positive x, y, and z-axes respectively is less obvious on purely geometric
grounds. The relation

cos? a + cos? 4 cos?y = 1 (1.18)

was implicit in the work of the eighteenth-century mathematicians Joseph
Louis Lagrange (1736-1813) and Gaspard Monge (1746-1818), and explicitly
stated by Leonard Euler (1707-1783) [, pp. 206-7]. Using vector ideas, it
is almost obvious.

Proof of Equation (1.18). Let W be a unit vector in the direction of the line.
Then the angles between % and the unit vectors along the three axes are

—

—
u -1 = cosa
— —
u - ) =cosf
- =
u - k = cosy

from which it follows that

=l

—
— —

=cosa? +cosf ) +cosvk
or in other words

—

U

= (cos a, cos 3, cos 7).

But then the distance formula says that

1=|u|=+/cos?a+ cos? 3 + cos? y

and squaring both sides yields Equation (1.18).

0

Scalar Projection: The projection projz v of the vector @ in the
direction of the vector w is itself a vector; a related quantity is the scalar
projection of ¥ in the direction of w, also called the component of ¥’
in the direction of w. This is defined as

compm v = ||| cos @
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where @ is the angle between v and W; clearly, this can also be expressed
as v - u, where

-

—
U =

is the unit vector parallel to w. Thus we can also write

gl

=l

N
s w

compy U = R (1.19)

This is a scalar, whose absolute value is the length of the vector projection,
which is positive if projy @ is parallel to W and negative if it points in the
opposite direction.

Exercises for § 1.4
Practice problems:
1. For each pair of vectors © and w below, find their dot product, their

lengths, the cosine of the angle between them, and the (vector) pro-
jection of each onto the direction of the other:

(a) ¥ =(2,3), W= (3,2)

() v =(2,3), W = (3,-2)

(c) ¥ =(1,0), W = (3,2)

(d) ¥ = (1,0), w = (3,4)

(e) v =(1,2,3), W = (3,2,1)
(f) ¥ =(1,2,3), w = (3,-2,0)
(g) ¥ =(1,2,3), w = (3,0,—1)
(h) ¥ =(1,2,3), w = (1,1,-1)

2. A point travelling at the constant velocity v = ¢ + 7 + k goes
through the position (2, —1,3); what is its closest distance to (3,1,2)
over the whole of its path?

Theory problems:

3. Prove Proposition 1.4.2

4. The following theorem (see Figure 1.31) can be proved in two ways:
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<l

O

Figure 1.31: Theorem 1.4.4

Theorem 1.4.4. In any parallelogram, the sum of the squares of the
diagonals equals the sum of the squares of the (four) sides.

(a) Prove Theorem 1.4.4 using the Law of Cosines (§ 1.2, Exercise 13).
(b) Prove Theorem 1.4.4 using vectors, as follows:

Place the parallelogram with one vertex at the origin: suppose
the two adjacent vertices are P and () and the opposite vertex is
R (Figure 1.31). Represent the sides by the vectors

v =0P=QR
W =00 = PR.

i. Show that the diagonals are represented by

ii. Show that the squares of the diagonals are
|OR? = |7 + W)
= |V +27V W+ W

and
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iii. Show that
|OR)* + |PQ* = 2|7 +2|W;
but of course
|OP]” + |PR)> +|RQ + QO = |7 + |w)? + |7 + o)
= 2|7+ 2|
5. Show that if
— — —
v 7 7

=1 +y

is any nonzero vector in the plane, then the vector

— — —
w =yt —x)

is perpendicular to .

6. Consider the line ¢ in the plane defined as the locus of the linear
equation in the two rectangular coordinates x and y

Ax+ By =C.

Define the vector
N
N =A% +B7.

(a) Show that £ is the set of points P whose position vector P’ satisfies
N -7 =C.

(b) Show that if P'g is the position vector of a specific point on the
line, then ¢ is the set of points P whose position vector P satisfies

~ = —>):O

N'(P—po

(¢) Show that N is perpendicular to /.
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7. Show that if £ is a line given by
Az + By =C
then the distance from a point Q(x,y) to £ is given by the formula

] |Az + By — C|
dist(Q, ¢) = X T2V — 1 1.20
t(Q.£) = AP (1.20

(Hint: Let N be the vector given in Exercise 6, and p’o the position
—
vector of any point Py on ¢. Show that dist(Q,¢) = ‘projﬁ POQ‘ =

projﬁ(? — Po)|, and interpret this in terms of A, B, C, x and ¥.)

1.5 Planes

Equations of Planes

We noted earlier that the locus of a “linear” equation in the three rectangular
coordinates z, y and z
Ar+By+Cz=D (1.21)

is a plane in space. Using the dot product, we can extract a good deal of
geometric information about this plane from Equation (1.21).
Let us form a vector from the coefficients on the left of (1.21):

N=A7T+B7+Ck.
Using _
D=x7 +yg +zk

as the position vector of P(z,y,z), we see that (1.21) can be expressed as
the vector equation

N-7p =D. (1.22)

In the special case that D = 0 this is the condition that ﬁ is perpendicular
to p. In general, for any two points Py and P; satisfying (1.21), the vector

—_
FPyP, from Py to P, which is the difference of their position vectors

—_— —
POPl = Ap

— —
=P1— Po
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lies in the plane, and hence satisfies

- — =
-Ap=N-(P1—- 7o)
—N-Fi-N-Do
=D—-D=0.

Thus, letting the second point P; be an arbitrary point P(x,y,z) in the
plane, we have

Remark 1.5.1. If Py(xo, Yo, 20) is any point whose coordinates satisfy (1.21)
Axg+ Byo+ Cz =D

then the locus of Equation (1.21) is the plane through Py perpendicular to
the normal vector _ _
N:=A7+B7+Ck.

This geometric characterization of a plane from an equation is similar
to the geometric characterization of a line from its parametrization: the
normal vector N formed from the left side of Equation (1.21) (by analogy
with the direction vector ¥ of a parametrized line) determines the “tilt” of
the plane, and then the right-hand side D picks out from among the planes
perpendicular to N (which are, of course, all parallel to one another) a
particular one by, in effect, determining a point that must lie in this plane.

For example, the plane P determined by the equation

20 -3y +2=5
is perpendicular to the normal vector
N=27-37+k.

To find an explicit point Py in P, we can use one of many tricks. One such
trick is to fix two of the values = y and z and then substitute to see what
the third one must be. If we set

rz=0=y,
then substitution into the equation yields

z =25,
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SO we can use as our basepoint
PO (07 07 5)

(which is the intersection of P with the z-axis). We could find the intersec-
tions of P with the other two axes in a similar way. Alternatively, we could
notice that

z =
y=—1
means that
2x — 3y = 5,
SO
z=0

and we could equally well use as our basepoint
P)(1,-1,0).

N
Conversely, given a nonzero vector N and a basepoint Py(xg, Yo, 20), we

—
can write an equation for the plane through Fy perpendicular to IV in vector

form as
-

N-T=N-TP

or equivalently
N

N-(p —7Po) =0

For example an equation for the plane through the point Py(3, —1, —5) per-
— —
pendicular to N =47 —67 +2k is

Az —3)—6(y+1)+2(z+5) =0

dr — 6y + 2z = 8.
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Note that the point P6(2, 1,3) also lies in this plane. If we used this as our
. ~ — — - . ~N = =
basepoint (and kept N =47 — 6 7 4+ 2 k) the equation N - (p'— pg) =0

would take the form

4(r—2)—6(y—1)+2(z2—2)=0

which, you should check, is equivalent to the previous equation.
An immediate corollary of Remark 1.5.1 is

Corollary 1.5.2. The planes given by two linear equations

Az + Biy+ Ciz =Dy
Asz + Boy + Coz = Do

are parallel (or coincide) precisely if the two normal vectors
ﬁl = A17 + B17> + 01?
ﬁg = A2_2> + B27 + C’gz>

are (nonzero) scalar multiples of each other; when the normal vectors are
equal (i.e., the two left-hand sides of the two equations are the same) then
the planes coincide if D1 = Ds, and otherwise they are parallel and non-
intersecting.

For example the plane given by the equation
—6x + 9y — 3z =12

has normal vector

so multiplying the equation by —2/3, we get an equivalent equation
dr — 6y + 2z = -8

which shows that this plane is parallel to (and does not intersect) the plane
specified earlier by

dor — 6y +22 =28
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(since 8 # —38).
We can also use vector ideas to calculate the distance from a point
Q(z,y, z) to the plane P given by an equation

Az + By+ Cz=D.

1
w0
i ==~ Po(@o,%0,20)
/V:/’

)
Figure 1.32: dist(Q, P)

If Py(xo,y0,20) is any point on P (see Figure 1.32) then the (perpen-
—
dicular) distance from @ to P is the (length of the) projection of Py@ =
— — —
Az 4+ Ay g + Azk in the direction of N = A7 +B7 +Ck

—
dist(Q, P) = [proj; Ao
which we can calculate as

-
N (7 - 7o)

N-G-N-7

—

N -N
|(Az + By + Cz) — D|

VLB o

For example, the distance from Q(1, 1,2) to the plane P given by

-

!

20 =3y +2=5
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(@)@ —3(1) +1(2) — ()]

dist(Q, P) = V22 + (=32 + 12
4

Nirs

The distance between two parallel planes is the distance from any
point Q on one of the planes to the other plane. Thus, the distance between
the parallel planes discussed earlier

dr —6y +2z = 8
—6x +9y -3z = 12
is the same as the distance from Q(3,—1, —5), which lies on the first plane,
to the second plane, or
diSt('P1, Pz) = diSt(Q, PQ)
_ 6B+ 9 (1) + (=3)(=5) — (12)]
V(=67 +(9)? + (=3)?

ez
© 3/14

Finally, the angle 6 between two planes P; and P, can be defined as
follows (Figure 1.33): if they are parallel, the angle is zero. Otherwise, they
intersect along a line £y: pick a point Py on £y, and consider the line ¢; in P;
(i = 1,2) through Py and perpendicular to ¢y. Then 6 is by definition the
angle between ¢ and /5.

To relate this to the equations of P; and Ps, consider the plane Py
(through Py) containing the lines ¢; and ¢3. Py is perpendicular to ¢y and
hence contains the arrows with tails at Py representing the normals ﬁl =

— — —
A17+Bl7+01 k (resp. Ny = Ag?—l—Bg?—l—Cg k ) to Py (resp. Pg) But
since ]Tf)z is perpendicular to ¢; for ¢ = 1,2, the angle between the vectors
ﬁl and ﬁg is the same as the angle between ¢; and ¢ (Figure 1.34), hence

- =
Ni-Ngy

cost) = —————
][

(1.23)

For example, the planes determined by the two equations

T +y +z = 3
r 6y —z = 2
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Po

Figure 1.33: Angle between two planes

£ 7

2

Figure 1.34: Angle between planes (cont’d)
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meet at angle 6, where

|(17 17 1) : (17 \/67 _1)‘
VEFTT T 1212 4 VB + (—1)2
1+ v6 -1

V38

V6
2V/6

cos 0 =

DO | =

so 0 equals 7/6 radians.

Parametrization of Planes

So far, we have dealt with planes given as loci of linear equations. This is
an implicit specification. However, there is another way to specify a plane,
which is more explicit and in closer analogy to the parametrizations we have
used to specify lines in space.

Suppose

R
v T +v 7 tusk

N
w17—|—wz7+w3k‘

gl =

are two linearly independent vectors in R3. If we represent them via arrows
in standard position, they determine a plane Py through the origin. Note
that any linear combination of v and w

D(s,t) =50 +tw

is the position vector of some point in this plane: when s and t are both
positive, we draw the parallelogram with one vertex at the origin, one pair
of sides parallel to v, of length s |¥’|, and the other pair of sides parallel to
w, with length ¢ |w| (Figure 1.35). Then 7 (s, t) is the vertex opposite the
origin in this parallelogram. Conversely, the position vector of any point P
in Py can be expressed uniquely as a linear combination of v and w. We
leave it to you to complete the details (see Exercise 4 in § 1.2).

Remark 1.5.3. If ¥ and W are linearly independent vectors in R®, then
the set of all linear combinations of v and W

Po (U, W) :={sV +tw|s,t € R}
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Figure 1.35: Linear Combination

is the set of position vectors for points in the plane (through the origin)
determined by v and W, called the span of ¥ and W.

Suppose now we want to describe a plane P parallel to Py (v, w ), but
going through an arbitrarily given basepoint Py(zo, yo, 20). If we let

—
Po=x00 +yJ +2k

be the position vector of Py, then displacement by o moves the origin
O to Py and the plane Py (7, w) to the plane P through Py parallel to
Po (U, w). It is clear from Remark 1.5.3 that the position vector

—
+y 7T +zk

of every point in P can be expressed as p ¢ plus some linear combination of
— —
v and w

P(s,t)=Po+sv +tw
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or

T = x0 + sv1 + twy
Y = Yo + Sv2 + twa
z = zg + svs + tws

for a unique pair of scalars s, € R. These scalars form an oblique coordinate
system for points in the plane P. Equivalently, we can regard these equations
as defining a vector-valued function p'(s,t) which assigns to each point
(s,t) in the “st-plane” a point p(s,t) of the plane P in R3. This is a
parametrization of the plane P; by contrast with the parametrization of
a line, which uses one parameter ¢, this uses two parameters, s and t.

We can use this to parametrize the plane determined by any three non-
collinear points. Suppose APQR is a nondegenerate triangle in R3. Set

—

P,

S

N
bo=

the position vector of the vertex P, and let

T =PQ
and
W= PR

be two vectors representing the sides of the triangle at this vertex. Then
the parametrization

describes the plane containing our triangle; the vertices have position vectors

OP = 7o = 7(0,0)
00 =To+ 7 = T7(1,0)
OR = 70w = 7(0,1).
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For example, the three points one unit out along the three (positive)
coordinate axes

P(1,0,0) (OP=7)
Q(0,1,0) (0G =7)
R(0,0,1) (OR=%)

Pt =T+s(7 - ) +t(k —7)
or
r = 1 —s —t
Yy = S
z t.

To see whether the point P(3,1,

—3) lies in this plane, we can try to solve

3 1 —s —t
1 = S
-3 = t;

it is clear that the values of s and ¢ given by the second and third equations
also satisfy the first, so P does indeed lie in the plane through 7°, 7 and
%

OP = 7(1,-3).

Given a linear equation, we can parametrize its locus by finding three
noncollinear points on the locus and using the procedure above. For exam-
ple, to parametrize the plane given by

3x — 2y +4z =12

we need to find three noncollinear points in this plane. If we set

we have
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and so we can take our basepoint P to be (4,0,0), or
Po=47.
To find two other points, we could note that if
r=4
then
—2y+4z =0,
so any choice with y = 2z will work, for example Q(4,2,1), or
T=PQ=27+%

gives one such point. Unfortunately, any third point given by this scheme
will produce W a scalar multiple of 7', so won’t work. However, if we set

=0
we have
—2y +4z =12,
and one solution of this is

y:_47

z=1,
so R(0,—4,1) works, with
W=PR=-47 47 + k.
This leads to the parametrization

T(s,t) =47 +5Q27 + k) +t(—47 —47 + k)

or
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A different parametrization results from setting coordinates equal to zero
in pairs: this yields the same basepoint, P(4,0,0), but two new points,
Q(0,-6,0), R(0,0,3). Then

P(s,t) =47 +8(—47 —67) +t(-47 +3%)

or
r = 4 —4s —4t
y = —6s
z = 3t.

The converse problem—given a parametrization of a plane, to find an
equation describing it—can sometimes be solved easily: for example, the
plane through 7, 7 and ¥ easily leads to the relation z +y + 2z = 1.
However, in general, it will be easier to handle this problem using cross
products (§ 1.6).

Exercises for § 1.5

Practice problems:

—

1. Write an equation for the plane through P perpendicular to NV:

(a) P2,-1,3, N=7+7+%k (b) P(LL1),N=27 7+ k
() P(3.2,1), N =77

2. Find a point P on the given plane, and a vector normal to the plane:

(a) 3z+y—2z=1 (b) x—2y+32=5
(¢) b —4dy+2=38 (d) z=2x+3y+1
() x=5

3. Find a parametrization of each plane below:

(a) 20 +3y—2z=14 (b) z=4x+5y+1
(c) z=5

4. Find an equation for the plane through the point (2, —1,2)

(a) parallel to the plane 3z + 2y + 2z =1
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(b) perpendicular to the line given by

r=3—1
y=1-3t
z = 2t.

5. Find the distance from the point (3,2,1) to the plane x — y + z = 5.
6. Find the angle between P; and Ps:

(a)

Pr: 20+y—2z=4
Pyt 20 —y+32=3

Pr: 224+2y+2V6z=1
Py: V3z+V3y++V2:=15

Theory problems:

7. (a) Show: If

are parametrizations of two distinct lines through a point Py in
P (with position vector 7o), then

D(s,t) =Po+sv +tw

is a parametrization of the plane P.

(b) Suppose an equation for P is

Arx+ By+Cz=D
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with C' # 0. Show that the intersections of P with the xz-plane
and yz-plane are given by

z——éx+2
—TctT e
_ B D
SGL N

and combine this with (a) to get a parametrization of P.

(¢) Apply this to the plane z + 2y + 3z = 9.

8. Find an equation for the plane P parametrized by

r=24s—1
y=1—s42t
z=34+2s—t.

1.6 Cross Products

Oriented Areas in the Plane

The standard formula for the area of a triangle
1
A= §bh, (1.24)

where b is the “base” length and h is the “height”, is not always convenient to
apply. Often we are presented with either the lengths of the three sides or the
coordinates of the vertices (from which these lengths are easily calculated);
in either case we can take a convenient side as the base, but calculating the
height—the perpendicular distance from the base to the opposite vertex—
can require some work.

A famous formula for the area of a triangle in terms of the lengths of its

sides is the second of two area formulas proved by Heron of Alexandria (ca.
75 AD) in his Metrica:

A=1/s(s —a)(s —b)(s —¢) (1.25)

where a, b and ¢ are the lengths of the sides of the triangle, and s is the
semiperimeter

1
s=§(a+b+c).
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Equation (1.27) is known as Heron’s formula, although it now seems clear
from Arabic commentaries that it was already known to Archimedes of Syra-
cuse (ca. 287-212 BC). In Exercise 15 and Exercise 16 we will consider both
of the area formulas given in the Metrica; also, in Exercise 5 we will derive
a vector formula for the area of a triangle based on the discussion of the
distance from a point to a line on p. 51.

Here, however, we will concentrate on finding a formula for the area of
a triangle in R? in terms of the coordinates of its vertices. Suppose the
vertices are A(ay,asz), B(b1,bs), and C(c1,cz). Using the side AB as the
base, we have

b=|4B|

and, letting @ be the angle at vertex A,

sin 4,

h:‘A—d

50 1 |—|—=1 .
A(DABC) = 5 ‘AB‘ (AC( sin 6.
To express this in terms of the coordinates of the vertices, note that
AB = xAB7 +yaBJ

where

TAB = b —aq

yap = by — a
and similarly

—
AC = xAc7 + yAc'7.

Recall that any vector © = 27 +y 7 in the plane can also be written in
“polar” form as
U = 7| (cos 0,7 +sinb,7)
where 6, is the counterclockwise angle between ¥ and the horizontal vector
7 . Thus,
0=0,—0

_ —_— —

where 61 and 65 are the angles between ¢~ and each of the vectors AB, AC,

and
0y > 0.
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But the formula for the sine of a sum of angles gives us
sin @ = cos 01 sin 83 — cos 65 sin 6.
Thus, if 04¢c > 045 we have

A(AABC) = % ‘ﬂé‘ (A_d

sin 6

= % ‘A—B)‘ ‘A—d‘ (cosOapsinfac — cosBacsinbap)

1 — — — —_—
=3 MAB‘ cos HAB)(‘AC‘ sinfac) — (‘AC‘ cos HAC)(‘AB‘ sinHAB)}
= %[xAByAC — TACYAB]-
The condition #4¢ > 045 means that the direction of ﬁ is a coun_tgclock—
wise rotation (by an angle between 0 and 7 radians) from that of AB; if the
rotation from AB to AC is clockwise, then the two vectors trade places—or
equivalently, the expression above gives us minus the area of AABC.
The expression in brackets is easier to remember using a “visual” nota-
tion. An array of four numbers

[ I ]

T2 Y2

in two horizontal rows, with the entries vertically aligned in columns, is
called a 2 X 2 matrix'?. The determinant of a 2 x 2 matrix is the prod-

uct z1ys of the downward diagonal minus the product xoy; of the upward
diagonal. We denote the determinant by replacing the brackets surrounding

the array with vertical bars:
T T1Y2 — T2Y1
T2 Y2

It is also convenient to sometimes treat the determinant as a function of its
rows, which we think of as vectors:

treated this way, the determinant will be denoted

1 Y1

A(V1,72) = T2 Yo

2pronounced “two by two matriz”
3When a matrix is given a letter name—say A—we name its determinant det A.
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If we are simply given the coordinates of the vertices of a triangle in the
plane, without a picture of the triangle, we can pick one of the vertices—
call it A—and calculate the vectors to the other two vertices—call them B
and C—and then take half the determinant. This will equal the area of the
triangle up to sign:

1 YN

by | = 7(AB,C) A(LABC), (1.26)
2 2

1| x
2| x

where o(A, B,C) = £1 depending on the direction of rotation from AB to
AC. We refer to o0(A, B,C) as the orientation of the triangle (so an ori-
ented triangle is one whose vertices have been assigned a specific order)
and the quantity o (A, B,C) A(AABC) as the signed area of the oriented
triangle. You should verify that the oriented triangle AABC has posi-
tive orientation precisely if going from A to B to C and then back to A
constitutes a counterclockwise transversal of its periphery, and a negative
orientation if this traversal is clockwise. Thus the orientation is determined
by the “cyclic order” of the vertices: a cyclic permutation (moving ev-
erything one space over, and putting the entry that falls off the end at the
beginning) doesn’t change the orientation:

0(A,B,C)=0(B,C,A) =0(C,A,B).

For example, the triangle with vertices A(2,—3), B(4,—2) and C(3,—1),
shown in Figure 1.36, has

AB=27+7
AC=7+27
and its signed area is
112 1 1
5|1 2 |- -0
1
=-4-1
Jl4-1
_ 3.
=5

you can verify from Figure 1.36 that the path A — B — C +— A traverses
the triangle counterclockwise.
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Figure 1.36: Oriented Triangle AABC, Positive Orientation

The triangle with vertices A(—3,4), B(—2,5) and C(—1, 3) (Figure 1.37)
has

AB=-7+7
AC =927 -7
and its signed area is
1] -1 1 1
5| % L [=slenen - o)
— -2
_ L
= —5;

you can verify from Figure 1.37 that the path A — B +— C — A traverses
the triangle clockwise.

Finally, the triangle with vertices A(2,4), B(4,5) and C'(3,3) (Figure 1.38)
has

AB=27+7
AC=7-7
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Figure 1.37: Oriented Triangle AABC, Negative Orientation

and its signed area is

5|1 2|5l - oo
1
= Sl-2—1]
g

you can verify from Figure 1.38 that the path A — B +— C — A traverses
the triangle clockwise.

These ideas can be extended to polygons in the plane: for example, a
quadrilateral with vertices A, B, C' and D is positively (resp. negatively)
oriented if the vertices in this order are consecutive in the counterclockwise
(resp. clockwise) direction (Figure 1.39) and we can define its signed area as
the area (resp. minus the area). By cutting the quadrilateral into two tri-
angles with a diagonal, and using Equation (1.26) on each, we can calculate
its signed area from the coordinates of its vertices. This will be explored in
Exercises 9-13.

For the moment, though, we consider a very special case. Suppose we
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..........

Figure 1.38: Oriented Triangle AABC, Negative Orientation

A A

Figure 1.39: Oriented Quadrilaterals
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have two nonzero vectors

— — —
vi=21v +Y1)
— — —
Vo2 =2I21 +y2].

Then the determinant using these rows

r1r U1
2 Y2

can be interpreted geometrically as follows. Let P(x1,y1) and Q(z2,y2) be
the points with position vectors v'; and 's, respectively, and let R(x1 +
T2,%1 + y2) be the point whose position vector is v’y + v (Figure 1.40).
Then the signed area of AOPQ equals %A (V'1, '2); but note that the

R
_?
/// /
Q -7/
/
/
N
72 ?() /
N
P
N
v1

Figure 1.40: Proposition 1.6.1

parallelogram OP R(Q) has the same orientation as the triangles AOPQ and
APRQ, and these two triangles AOPQ and APR(Q are congruent, hence
have the same area. Thus the signed area of the parallelogram OPRQ is
twice the signed area of AOPQ); in other words

Proposition 1.6.1. The 2 x 2 determinant

1 W
2 Y2

1s the signed area of the parallelogram OPRQ), where

(ﬁ’) 104y g
—
OQ =27 +y27
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and
— —_—  —
OR=0OP + OQ.

Let us note several properties of the determinant A (@', w) which make
it a useful computational tool. The proof of each of these properties is a
straightforward calculation (Exercise 6):

Proposition 1.6.2. The 2 x 2 determinant A (W, W) has the following
algebraic properties:

1. It is additive in each slot:'* for any three vectors 0’1, vy, w € R?

A (71 + E}, 72) =A (717 72) +A (wa 72)
A(71,72 + E}) = A(71,72) + A(?l,ﬁ) .

2. It is homogeneous in each slot: for any two vectors vy, vy € R?
and any scalar r € R

A (7"71, 72) = T‘A (71, 72) =A (71, T’?g) .

3. It is skew-symmetric: for any two vectors v 1, Vg € R?

AV, V1) =—A (01, 02).

In particular,

Corollary 1.6.3. A 2 x 2 determinant equals zero precisely if its rows are
linearly dependent.

Proof. If two vectors are linearly dependent, we can write both of them as
scalar multiples of the same vector, and

A@rv,sv)=rsA(V,0)=AGV,rv0) =—-A(rv,sv)

where the last equality comes from skew-symmetry. So A (rv',s7) equals
its negative, and hence must equal zero.

To prove the reverse implication, write v'; = ;7 +v; 7, i = 1,2, and
suppose A (v'1, '3) = 0. This translates to

T1Y2 — x2y1 =0

MThis is a kind of distributive law.
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or

T1Y2 = T2Y1-

Assuming that ©’; and ¥’y are both not vertical (z; # 0 for i = 1,2), we

can conclude that
v:_n

T2 T
which means they are dependent. We leave it to you to show that if one of
them is vertical (and the determinant is zero), then either the other is also
vertical, or else one of them is the zero vector. O

Of course, Corollary 1.6.3 can also be proved on geometric grounds, using
Proposition 1.6.1 (Exercise 7).

Oriented Areas in Space

Suppose now that A, B and C are three noncollinear points in R?. We can
think of the ordered triple (A < B < (') as defining an oriented triangle,
and hence associate to it a “signed” area. But which sign should it have—
positive or negative? The question is ill-posed, since the words “clockwise”
and “counterclockwise” have no natural meaning in space: even when A, B
and C' all lie in the xy-plane, and have positive orientation in terms of the
previous subsection, the motion from A to B to C' will look counterclockwise
only when viewed from above the plane; viewed from underneath, it will look
clockwise. When the plane containing A, B and C'is at some cockeyed angle,
it is not at all clear which viewpoint is correct.

We deal with this by turning the tables:'® the motion, instead of being
inherently “clockwise” or “counterclockwise”, determines which side of the
plane yields a viewpoint from which the motion appears counterclockwise.
We can think of this as replacing the sign (A, B,C) with a unit vector,
normal to the plane containing the three points and pointing toward the
side of this plane from which the motion described by our order appears
counterclockwise. One way to determine which of the two unit normals
is correct is the right-hand rule: point the fingers of your right hand
along the direction of motion; then your (right) thumb will point in the
appropriate direction. In Figure 1.41 we sketch the triangle with vertices
A(2,-3,4), B(4,-2,5), and C(3,—1,3); from our point of view (we are
looking from moderately high in the first octant), the orientation appears
counterclockwise.

'5No pun intended! :-)
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A

Figure 1.41: Oriented Triangle in R?

By interpreting o(A, B,C) as a unit normal vector, we associate to an
oriented triangle AABC € R? an oriented area

A(NABC) =G (A, B,C) A(AABC)

represented by a vector normal to the triangle whose length is the ordi-
nary area of AABC. Note that for a triangle in the xy-plane, this means
o (ABC) = 0(ABC) & : the oriented area is the vector k times the signed
area in our old sense. This interpretation can be applied as well to any
oriented polygon contained in a plane in space.

In particular, by analogy with Proposition 1.6.1, we can define a function
which assigns to a pair of vectors ¥, w € R? a new vector representing the
oriented area of the parallelogram with two of its edges emanating from the
origin along @ and w, and oriented in the direction of the first vector. This
is called the cross product'® of ¥ and w, and is denoted

v

—
X w

16 Also vector product, or outer product.
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For example, the sides emanating from A in AABC in Figure 1.41 are
represented by

T=AB=927+7+k
W=A4C=7+27 - k;
these vectors, along with the direction of ¥ x w, are shown in Figure 1.42.

N

’
s’

?>//

Figure 1.42: Direction of Cross Product

We stress that this product differs from the dot product in two essential
ways: first, ¥ - W is a scalar, but ¥ x W is a wector; and second, the
dot product is commutative (w - v = ¥ - w), but the cross product is
anticommutative (W x v = -0 x W).

How do we calculate the components of the cross product ¥ x w from
the components of ¥ and wW? To this end, we detour slightly and consider
the projection of areas.

The (orthogonal) projection of points in R? to a plane P’ takes a point
P € R? to the intersection with P’ of the line through P perpendicular to

P’ (Figure 1.43). We denote this by
P' = projp: P.

Similarly, a vector v is projected onto the direction of the line where the
plane containing ¥ and the normal to P’ meets P’ (Figure 1.44).

Suppose AABC is an oriented triangle in R?; its projection to P’ is the
oriented triangle AA'B'C’, with vertices A’ = projp, A, B’ = projp: B, and
C’ = projp: C. What is the relation between the oriented areas of these two
triangles?
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Figure 1.44: Projection of a Vector ¥ on the Plane P’

Let P be the plane containing AABC and let 7 be the unit vector
(normal to P) such that

A(ANABC) = AW

where A is the area of AABC. If the two planes P and P’ are parallel,
then AA’B’C" is a parallel translate of AABC, and the two oriented areas
are the same. Suppose the two planes are not parallel, but meet at (acute)
angle 0 along a line ¢ (Figure 1.45).

Then a vector 7|| parallel to ¢ (and hence to both P and P’) is unchanged
by projection, while a vector v | parallel to P but perpendicular to ¢ projects
to a vector projp 7 | parallel to P’, also perpendicular to ¢, with length

|projp: v 1| = |7 1| cos¥.

The angle between these vectors is the same as between 7' and a unit vector
7' normal to P’; the oriented triangle AA’B’C" is traversed counterclock-
wise when viewed from the side of P’ determined by 7.
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Figure 1.45: Projection of a Triangle

Furthermore, if AABC has one side parallel to £ and another perpen-
dicular to ¢, then the same is true of AA’B’C’; the sides parallel to ¢ have
the same length, while projection scales the side perpendicular to /—and
hence the area—Dby a factor of cosf. Since every triangle in P can be subdi-
vided (using lines through the vertices parallel and perpendicular to ) into
triangles of this type, the area of any triangle AABC is multiplied by cos 6
under projection. This means

JI(AA'B/C/) = (Acos )’

which is easily seen to be the projection of A (AABC') onto the direction
normal to the plane P’. We have shown

Proposition 1.6.4. For any oriented triangle ANABC' and any plane P’ in
R3, the oriented area of the projection ANA'B'C' of NABC onto P’ (as a
triangle) is the projection of the oriented area A(AABC) (as a vector) onto
the direction normal to P’.

Note in particular that when AABC' is parallel to P’, its oriented area
is unchanged, while if AABC is perpendicular to P’, its projection is a
degenerate triangle with zero area.

As an example, let us consider the projections onto the coordinate planes
of the triangle with vertices A(2,—3,4), B(4,-2,5), and C(3,—1,3), which
is the triangle we sketched in Figure 1.41. We reproduce this in Figure 1.46,
showing the projections of AABC on each of the coordinate axes

The projection onto the zy-plane has vertices A(2,—3), B(4,—2), and
C(3,—1), which is the triangle we sketched in Figure 1.36. This has signed
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Figure 1.46: Projections of AABC

area 3/2, so its oriented area is

—
k

N W

—that is, the area is 3/2 and the orientation is counterclockwise when seen
from above the xy-plane.

The projection onto the yz-plane has vertices A(—3,4), B(—2,5), and
C(—1,3) (Figure 1.37) and we saw that its signed area is —1/2. If we look
at the yz-plane from the direction of the positive z-axis, then we see a
“clockwise” triangle, so the oriented area is

—it points in the direction of the negative x-axis.

Finally, the projection onto the zz-plane has vertices A(2,4), B(4,5),
and C(3,3). We sketched this in Figure 1.38, and calculated a negative
signed area of —3/2. Note, however, that if we look at our triangle from
the direction of the positive y-axis, we see a counterclockwise triangle. Why
the discrepancy? The reason for this becomes clear if we take into account
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not just the triangle, but also the azes we see. In Figure 1.38, we sketched
the triangle with positive abcissas pointing “east” and ordinates pointing
“north”, but in Figure 1.46 the positive z-axis points “west” from our point
of view. In other words, the orientation of the z-axis and z-axis (in that
order) looks counterclockwise only if we look from the direction of the neg-
ative y-axis. From this point of view-that is, the direction of —7;" (which is
the one we used to calculate the signed area)—the triangle looks negatively
oriented, so the oriented area should be

(-3)en-37.

This agrees with the geometric observation based on Figure 1.42.
We have seen that the oriented area A (AABC) has projections

.or 3—
projp A(AABC) = 3

k
. 1 1%
proj- A(AABC) = —5 ¢
proj— .Z(AABC’) = 27

But these projections are simply the components of the vector, so we con-
clude that the oriented area A (AABC) is

—

A(AABC) = —

Looked at differently, the two sides of AABC' emanating from vertex A
are represented by the vectors

U =27+ 77+
— — —
w P 7

and by definition

—

T x W = 24A(AABC)
o] o2 1| 2
=7l Al Al

The reasoning used in this example leads to the following general formula
for the cross product of two vectors in R? from their components.
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Theorem 1.6.5. The cross product of two vectors

N
— — —
v=x1v 4+ +ak
N
— — —
wW=x21 +y2] + 22k
s given by
z Tz —| x
TXU =7 Y1 21| —| T1 21 + k& 1 W
Y2 22 T2 22 T2 Y2

Proof. Let P(x1,y1,21) and Q(x2,y2, 22) be the points in R3 with position

vectors v and w, respectively. Then

7 XE}ZQ./I(AOPQ) :a17—|—a27—|—a3?.

The three components of A (AOPQ) are its projections onto the three
coordinate directions, and hence by Proposition 1.6.4 each represents the
oriented area of the projection projp AOPQ of AOPQ onto the plane P
perpendicular to the corresponding vector.

Projection onto the plane perpendicular to a coordinate direction con-
sists of taking the other two coordinates. For example, the direction of
? is normal to the xy-plane, and the projection onto the xy-plane takes
P(x1,y1,21) onto P(x1,y1).

Thus, the determinant
i
T2 Y2

represents twice the signed area of AOP3;(Q3, the projection of AOPQ onto
-

the zy-plane, when viewed from above—that is, from the direction of k—so

the oriented area is given by

—

as k = 2./{)(AOP3Q3)
_7| Tt
T2 Y2

Similarly,

—

a1 7 =2A(AOPQ)
7

y1 21
Y2 22
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Finally, noting that the direction from which the positive z-axis is coun-
terclockwise from the positive z-axis is — 7, we have

—

as) =24 (AOPQ5)

— | T1 Zz1
T2 29
Adding these yields the desired formula. O

In each projection, we used the 2 x 2 determinant obtained by omitting
the coordinate along whose axis we were projecting. The resulting formula
can be summarized in terms of the array of coordinates of v and w

<$1 [l Zl>
T2 Y2 22

by saying: the coefficient of the standard basis vector in a given coordinate
direction is the 2 x 2 determinant obtained by eliminating the corresponding
column from the above array, and multiplying by —1 for the second column.

We can make this even more “visual” by defining 3 x 3 determinants.

A 3 X 3 matrix '” is an array consisting of three rows of three entries
each, vertically aligned in three columns. It is sometimes convenient to label
the entries of an abstract 3 x 3 matrix using a single letter with a double
index: the entry in the i*" row and j** column of a matrix A is denoted '®
a;j, giving the general form for a 3 x 3 matrix

ail aiz2 a3
A= a2 a2 ax
as; asz as3

We define the determinant of a 3 x 3 matrix as follows: for each entry aq;
in the first row, its minor is the 2 x 2 matrix A;; obtained by deleting the

"Pronounced “3 by 3 matrix”
¥Note that the row index precedes the column index: aj; is in the 7t row and "
column, a very different place in the matrix.
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row and column containing our entry. Thus

An=| . ax a
asy ass
Ao = | a1 . a3
as; . ass
Az = | a2 ax
as;  as2

Now, the 3 x 3 determinant of A can be expressed as the alternating sum of
the entries of the first row times the determinants of their minors:

det A = a1 det A11 — a1a det Ao + a3 det Aqs
3
= Z(—1)1+ja1j det Alj.
j=1

For future reference, the numbers multiplying the first-row entries in the
formula above are called the cofactors of these entries: the cofactor of ay;

is
cofactor(15) := (—1)'*7 det Ay;.

We shall see later that this formula usefully generalizes in several ways.
For now, though, we see that, once we have mastered this formula, we can
express the calculation of the cross product as

—

7 7k

— . —
UVXW=| v v U3
w; w2 w3
where

N
?2017+?}27+ng
_
E’zw17+w27—l—w3k

Exercises for § 1.6

Practice problems:
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1. Calculate each determinant below:

(a)

o
(b)

-1 2

3 —4
(c)

-1 2

4 -8

2. Sketch the triangle AABC and indicate its orientation; find o(A, B, C) A (AABC):
(a) A(0,0), B(2,1), C(1,2)
(b) A(1,2), B(2,0), C(3,3)
(©) A1), B(1,3), C(3,2)

3. Calculate ¥ x w:

(a) ¥ =(1,2,3), w = (3,1,2)

(b) ¥ =(3,1,2), w = (6,5,4)

() v="7,w=7

Q) v=7,7=Fk

() T=47 —37 +7k, W=-27 57 +4Fk

4. Find the oriented area vector A (AABC) and calculate the area of the

triangle:

(a) A= moo% =(1,2,3), C = (3,2,1)
(b)A:( )7 :(737 )70:( 2)

(c) A= (2,—1,—4), B=(-1,1,0), C = (3,-3,-2)

Theory problems:

5. Suppose that in AABC the vector from B to A is v and that from

B to C is W. Use the vector formula for the distance from A to BC
on p. 51 to prove that the area of the triangle is given by

A@AABC%:%¢aﬁnwx7-5n—(7.wp.
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6. Prove Proposition 1.6.2.

7. Use Proposition 1.6.1 to prove Corollary 1.6.3. (Hint: If the rows
are linearly dependent, what does this say about the parallelogram

OPRQ?)
8. Show that the cross product is:

(a) skew-symmetric:

N
v

gl

— =
=—w X v

X
(b) additive in each slot:

(71+72)><W:(71><B)+(72><B)

(use skew-symmetry to take care of the other slot: this is a kind
of distributive law)

(c) homogeneous in each slot:
(aV) x W =a(V x W) =7 x (aw)
(d) Conclude that the cross product is bilinear:
(a1 W1+ agwWo) x ¥ =ay(wy x V) + az(Wa x 0)
and, analogously

T X (alﬁ’l + agwg) = (11(?> X E’l) + (12(?> X wg)

9. (a) Suppose A, B, and C lie on the line £ in R?, and that ¢ does not
go through the origin.

Explain why, if B is between A and C,
A(ANOAB) + A(AOBC) — A(AOAC) = 0.
(b) Show that
0(0,A,B) A(AOAB)+0(0,B,C) A(AOBC)+0(0,C, A) A(AOCA) =0

regardless of the order of A, B and C along the line.
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(c) Show that the above is not necessarily true if we leave off the
signs.

10. Show that the oriented area of a triangle can also be calculated as the
cross product of the vectors obtained by moving along two successive
edges:

—

A(AABC) = AB x BC

(Hint: You may use Exercise 8.)

Challenge Problems:

Given a point D in the plane, and a directed line segment A—B>, we can
define the area swept out by the line DP as P moves from A to B along AB
to be the signed area of the oriented triangle [D, A, B]. We can then extend
this definition to the area swept out by DP as P moves along any broken-
line path (i.e., a path consisting of finitely many directed line segments) to
be the sum of the areas swept out over each of the segments making up the
path.

11. (a) Show that the area swept out by DP as P travels along an ori-
ented triangle equals the signed area of the triangle: that is, show
that

7(ABC) A(AABC) =
o(DAB) A(ADAB)+0(DBC) A(ADBC)+o(DCA) A(ADCA).

(Hint: This can be done geometrically. Consider three cases: D
lies outside, inside, or on AABC. See Figure 1.47.)

(b) Show that the area swept out by OP as P moves along the line
segment from (zg,yo) to (z1,y1) is

o Yo

1
2|21 0

(c) Show that if ¥'; = (z4,1;), 4 =0,...,3 with ©¥g = ©'3 then the
signed area of [¥'1, v, ¥'3] can be calculated as

3

10203)=%Z

i=1

Ti—1 Yi—1
Xy Yi

<l
!
!

o(T1T2T3) AL
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Figure 1.47: Area Swept Out by DP as P Traverses a Triangle

D D
¢ c
A B
A A
B

Figure 1.48: Signed Area of Quadrangles

93
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12. (a) Consider the three quadrilaterals in Figure 1.48. In all three
cases, the orientation of OJABCD] and of AABC' is positive,
but the orientation of AACD is not necessarily positive. Show
that in all three cases,

A(OABCD) = 0(ABC) A(AABC) + 0(ACD) A(AACD).

(b) Use this to show that the signed area of a quadrilateral O[ABC D]
is given by

oc(ABCD) A (O[ABCD]) = %{(xg—xo)(yl—y3)+(331—!E3)(yo—y2)}

where the coordinates of the vertices are

Note that this is the same as

%A(?,B)

where 7 = A—C> and W = DA are the diagonal vectors of the

quadrilateral.

(¢) What should be the (signed) area of the oriented quadrilateral
O[ABCD] in Figure 1.497

B
D

A

Figure 1.49: Signed Area of Quadrangles (2)
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13.

14.

Show that the area swept out by a line DP as P travels along a closed
polygonal path equals the signed area of the polygon: that is, suppose
the vertices of a polygon in the plane, traversed in counterclockwise
order, are

72‘ = (a:,-,yi), 1= O, N

with
N
v

=
0= VUn.

Show that the (signed) area of the polygon is

1 n

520
i=1

Now extend the definition of the area swept out by a line to space,
by replacing signed area (in the plane) with oriented area in space:
that is, given three points D, A,B € R3, the area swept out by
the line DP as P moves from A to B along AB is defined to be the
oriented area A (ADAB). Show that the oriented area of a triangle
ANABC C R? in space equals the area swept out by the line DP as
P traverses the triangle, for any point D € R3. (Hint: Consider the
projections on the coordinate planes, and use Exercise 11.)

Ti-1 Yi—1
Zg Yi

History notes:

15.

Heron’s First Formula: The first area formula given by Heron in
the Metrica is an application of the Law of Cosines, as given in Book
I1, Propositions 12 and 13 in the Elements . Given AABC, we denote
the (lengths of the) side opposite each vertex using the corresponding
lower case letter (see Figure 1.50).

(a) Obtuse Case: Suppose the angle at C' is obtuse. Extend BC
to the foot of the perpendicular from A, at D. Prove Euclid’s
Proposition 11.12:

& =a’>+b*+2c-CD.
From this, prove Heron’s formula in the obtuse case:
2 — (a® 4+ b?)
2c
(Hint: First find C'D, then use the standard formula.)

A(AABC) = g
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Figure 1.50: Propositions I11.12-13: ¢ = a? + b*> £ 2¢- CD

(b) Acute case: Suppose the angle at C is acute. Let D be the foot
of the perpendicular from A to BC. Show that

A =a?>+b—2c-CD.
From this, prove Heron’s formula in the acute case:

(a2 + b2) — 2

A(AABC) = g >

16. Heron’s Second Formula: Prove Heron’s second (and more famous)
formula for the area of a triangle:

A=/s(s—a)(s —b)(s—c) (1.27)

where a, b and ¢ are the lengths of the sides of the triangle, and s is
the semiperimeter

1
s:§(a+b+c).

Refer to Figure 1.51; we follow the exposition in [5, p. 186]:
The original triangle is AABC.

(a) Inscribe a circle inside AABC, touching the sides at D, E, and
F. Denote the center of the circle by O; Note that

OF =0OF =0D.

Show that
AFE = AF
CE=CD
BD = BF.

(Hint: e.g., the triangles AOAF and AOAE are similar—why?)
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(b)
()

(d)

Figure 1.51: Heron’s Formula

Show that the area of AABC equals s - OD. (Hint: Consider
AOBC, AOAC and AOAB.)

Extend C'B to H, so that BH = AF. Show that

s=CH.

Let L be the intersection of the line through O perpendicular to
OC with the line through B perpendicular to BC. Show that
the points O, B, L and C all lie on a common circle. (Hint: Each
of the triangles ACBL and ACOL have right angles opposite
their common edge C'L, and the hypotenuse of a right triangle is
a diameter of a circle containing the right angle.)

It then follows by Proposition II1.22 of the Elements (opposite
angles of a quadrilateral inscribed in a circle sum to two right
angles) that ZCOLB + ZCOB equals two right angles.
Show that ZBOC + ZAOF equals two right angles. (Hint: Each
of the lines from O to a vertex of AABC bisects the angle there.)
It follows that

ZCLB = ZAOF.
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(f) Show from this that AAOF and ACLB are similar.
(g) This leads to the proportions
BC BC BL BL BJ
BH ~AF ~OF ~ 0D~ JD’
Add one to both outside fractions to show that
CH BD
BH ~— JD’
(h) Use this to show that
(CD)? BD-CD BD-CD
CH-HB JD-CD _ (OD)?
Conclude that
(CH)*>(OD)*=CH-HB-BD - DC.

(i) Explain how this proves Heron’s formula.

1.7 Applications of Cross Products

In this section we explore some useful applications of cross products.

Equation of a Plane

The fact that @ x w is perpendicular to both ¥ and W can be used to find
a “linear” equation for a plane, given three noncollinear points on it.

Remark 1.7.1. If ¥ and W are linearly independent vectors in R3, then
any plane containing a line £, parallel to v and a line £y, parallel to W has
m=7Xuw

as a normal vector.
In particular, given a nondegenerate triangle AABC in R3, an equation
for the plane P containing this triangle is

7 (P~ Po)=0 (1.28)
where
7::1374—1/74-7:?
Po=04
W = AB x AC.
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For example, an equation for the plane P containing A PQ R with vertices
P(1,-2,3), Q(—2,4,—1) and R(5,3,1) can be found using

PQ=-37+67 —4
PR=47 +57 -2k
N —_ =
7 = PQ x PR
7 7k
=| -3 6 -4
4 5 -2
6 4] | -3 —4| —|-36
- 5—2‘ ]‘ 1 -2 +k‘4 5‘

= 2(~124+20) — 7(6+4) + k (15 — 10)
—87 —107 - 25k

so the equation for P is
8(x—1)—10(y+2) —25(z—3) =0
or
8xr — 10y — 25z = —A47.

As another example, consider the plane P’ parametrized by

r = 3 —2s +t
y = —1 425 =2t
z = 3s —t.

We can read off that
— - —
Po=371—

is the position vector of P'(0,0) (corresponding to s = 0, ¢t = 0), and two
vectors parallel to the plane are

=|

—
27+ 77 +3k

=l
I

7 —
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Thus, a normal vector is

— — —
n Vg X UVt

S
—
(3

and an equation for P’ is
Bz —3) + 1(y +1) +3(2 —0) = 0

or
5 4+ y + 3z = 14.

Intersection of Planes

The line of intersection of two planes can be specified as the set of simulta-
neous solutions of two linear equations, one for each plane. How do we find
a parametrization for this line?

Note that a linear equation for a plane

Az + By+Cz=D
immediately gives us a normal vector
W =AT+B7+Ck.
If we are given two such equations

A17 + 317 + 01? =D
Ag? + 327 + CQ? = Dy

then the line of intersection ¢ (the locus of this pair of equations) is perpen-
dicular to both normal vectors

Ti=ATAB T A0k i=1,2,3
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and hence parallel to their cross-product
— — —
VvV ="n1X Nay.

Thus, given any one point Py(zg, 30, 20) on ¢ (i.e., one solution of the pair
of equations) the line ¢ can be parametrized using Py as a basepoint and
— — — . .
v = M1 X Mo as a direction vector.

For example, consider the two planes

3r—2y+z2=1
2 +y—2=0.

The first has normal vector
=37 -27+k

while the second has .
Wg =27 + 7 — k.

Thus, a direction vector for the intersection line is

— — —
V="Nn1X N2

T 7k
=| 3 22 1

2 1 -1
-2 1| |3 1| —|3 -2
- 1—1'_]‘2—1‘+k‘2 1‘
— T4 +Tk.

One point of intersection can be found by adding the equations to elim-
inate z

or —y =1

and, for example, picking

which forces
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Substituting back into either equation, we get
z=20
so we can use (1,4,6) as a basepoint; a parametrization of ¢ is

PO =(T+4T +6k)+t(T +57 +7k)

or
r=1+t
y =445t
z=06+4Tt.

If we try this when the two planes are parallel, we have linearly dependent
normals, and their cross product is zero (Exercise 6 in § 1.6). In this case, the
two left sides of the equations describing the planes are proportional: if the
right sides have the same proportion, then we really have only one equation
(the second is the first in disguise) and the two planes are the same, while if
the right sides have a different proportion, the two equations are mutually
contradictory—the planes are parallel, and have no intersection.

For example, the two equations

rT—2y+3z=1
—2x +4y — 62 = -2

are equivalent (the second is the first multiplied by —2) and describe a
(single) plane, while

r—-2y+3z=1
—2x+4y —62=0

are contradictory, and represent two parallel, nonintersecting planes.

Oriented Volumes

In common usage, a cylinder is the surface formed from two horizontal discs
in space, one directly above the other, and of the same radius, by joining
their boundaries with vertical line segments. Mathematicians generalize
this, replacing the discs with horizontal copies of any plane region, and
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allowing the two copies to not be directly above one another (so the line
segments joining their boundaries, while parallel to each other, need not be
perpendicular to the two regions). Another way to say this is to define a
(solid) cylinder on a given base (which is some region in a plane) to be
formed by parallel line segments of equal length emanating from all points
of the base (Figure 1.52). We will refer to a vector v representing these
segments as a generator for the cylinder.

Figure 1.52: Cylinder with base B, generator v, height h

Using Cavalieri’s principle (Calculus Deconstructed, p. 365) it is fairly
easy to see that the volume of a cylinder is the area of its base times its
height (the perpendicular distance between the two planes containing the
endpoints of the generating segments). Up to sign, this is given by orienting
the base and taking the dot product of the generator with the oriented area
of the base

V=47 A(B).

We can think of this dot product as the “signed volume” of the oriented
cylinder, where the orientation of the cylinder is given by the direction of
the generator together with the orientation of the base. The signed volume is
positive (resp. negative) if v points toward the side of the base from which
its orientation appears counterclockwise (resp. clockwise)—in other words,
the orientation of the cylinder is positive if these data obey the right-hand
rule. We will denote the signed volume of a cylinder C' by V(C)

A cylinder whose base is a parallelogram is called a parallelepiped:
this has three quartets of parallel edges, which in pairs bound three pairs
of parallel parallelograms,'® called the faces. If the base parallelogram
has sides represented by the vectors w; and Wy and the generator is v’

19This tongue-twister was unintentional! :-)
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— —
v, W

(Figure 1.53) we denote the parallelepiped by O]

A 4

—
v
Loy L
—
w1
Figure 1.53: Parallelepiped

area of the base is

.A(B) = Wl X WQ
so the signed volume is?’
VOV, @1, Wa)) = 0 - A(B) =V - (W1 x @)

(where ¥ represents the third edge, or generator).
If the components of the “edge” vectors are

—
— — —
v =a11 ¢ +a12 ) +aizk

_—
— — —
w1 =ao1 ¢ +ag ) +agk
N
— — —
Wo =az 1 +azx ) +aszk
then
N
¥ 7k
— -
Wi X W2 =| az; a2 a3
azyp asz as3
7 a2z (23 7 az1 az3 ? az1 422
aszz 33 aszp ass as; a3z
SO
— = — agz  a23 asi 3 as1  a22
v-(wlxwg):all — aq —|-CL13
aszz a33 asy as; as2

aip a2 aig
=] G21 G22 a23
asyr az2 asg

1, W3]. The oriented

20The last calculation in this equation is sometimes called the triple scalar product

— — —
of v, w1 and wa.
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This gives us a geometric interpretation of a 3 x 3 (numerical) determi-
nant:

Remark 1.7.2. The 3 x 3 determinant

air a2 a3
a a2 G23
azr a2 as3
RN
is the signed volume V (O[V', w1, Ws)]) of the oriented parallelepiped D[V, w1, W
whose generator is the first row

2]

—
— — —
v =ai1 ¢ +ai2 ) +aizk

and whose base is the oriented parallelogram with edges represented by the
other two rows

—
— —
1=a21 0 +ax ) +ask

gl g

o =a31 1 +az ) + agﬁ.

For example, the parallelepiped with base OPR(@), with vertices the 012—)
gin, P(0,1,0), Q(—1,1,0), and R(—1,2,0) and generator v = 7 — 7 +2k
(Figure 1.54) has “top” face OP'R'Q’, with vertices O(1,—1,2), P'(1,0,2),

z

Q o

<

T P R
Y
Figure 1.54: OOPRQ

Q'(0,0,2) and R'(0,1,2). Its signed volume is given by the 3 x 3 determinant
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= —
whose rows are v, OP and OQ:

—_— —
We see from Figure 1.54 that the vectors OP, OQ, ¥ obey the right-hand
rule, so have positive orientation.

Given any four points A, B, C, and D in R3, we can form a “pyramid”
built on the triangle AABC, with a “peak” at D (Figure 1.55). The tradi-

D

B

Figure 1.55: Simplex AABCD

tional name for such a solid is tetrahedron, but we will follow the terminology
of combinatorial topology, calling this the simplex®' with vertices 4, B, C
and D, and denote it AABCD; it is oriented when we pay attention to
the order of the vertices. Just as for a triangle, the edges emanating from
the vertex A are represented by the displacement vectors ITB , ITC‘ , and E
The first two vectors determine the oriented “base” triangle AABC, and the
simplex AABCD is positively (resp. negatively) oriented if the orientation
of AABC is positive (resp. negative) when viewed from D, or equivalently
if the dot product

—_— ——  —

AD - (AB x AC)

is positive (resp. negative).

2! Actually, this is a 3-simplex. In this terminology, a triangle is a 2-simplex (it lies
in a plane), and a line segment is a 1-simplex (it lies on a line).
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In Exercise 77, we see that the parallelepiped OOPR(Q determined by
the three vectors fTB , A—C> , and E can be subdivided into six simplices, all
congruent to AABCD, and its orientation agrees with that of the simplex.
Thus we have

Lemma 1.7.3. The signed volume of the oriented simplex ANABCD is

— 1l — —
V(AABCD) = £AD - (AB x AC)
a1l a2 ais
a1 a2 a23
az1 asz ass

=2

where

— —
AB = (1217> + 61227 + a93 k
— —
AC = (1317> + a327 + ass k

AD = a1 v +an’y + a13?-

We can use this geometric interpretation (which is analogous to Propo-
sition 1.6.1) to establish several algebraic properties of 3 x 3 determinants,
analogous to those in the 2 x 2 case which we noted in § 1.6:

Remark 1.7.4. The 3 x 3 determinant has the following properties:

1. It is skew-symmetric : Interchanging two rows of a 3x3 determinant
reverses its sign (and leaves the absolute value unchanged).

2. It is homogeneous in each row: multiplying a single row by a scalar
multiplies the determinant by that scalar.

3. It is additive in each row: Suppose two matrices (say A and B) agree
in two rows (say, the two second rows are the same, and the two third
rows are the same). Then the matriz with the same second and third
rows, but with first row equal to the sum of the first rows of A and of
B, has determinant det A + det B.

4. A 3 x 3 determinant equals zero precisely if its rows are linearly
dependent.

For the first item, note first that interchanging the two edges of the
base reverses the sign of its oriented area and hence the sign of its oriented
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volume; if the first row is interchanged with one of the other two, you should
check that this also reversed the orientation. Once we have the first item,
we can assume in the second item that we are scaling the first row, and and
in the second that A and B agree except in their first row(s). The additivity
and homogeneity in this case follows from the fact that the oriented volume
equals the oriented area of the base dotted with the first row. Finally, the
last item follows from noting that zero determinant implies zero volume,
which means the “height” measured off a plane containing the base is zero.

Rotations

So far, the physical quantities we have associated with vectors—forces,
velocities—concern displacements. In effect, we have been talking about
the motion of individual points, or the abstraction of such motion for larger
bodies obtained by replacing each body with its center of mass. However, a
complete description of the motion of solid bodies also involves rotation.

A rotation of 3-space about the z-axis is most easily described in cylin-
drical coordinates: a point P with cylindrical coordinates (r, 0, z), under a
counterclockwise rotation (seen from above the xy-plane) by « radians does
not change its r- or z- coordinates, but its - coordinate increases by «.
Expressing this in rectangular coordinates, we see that the rotation about
the z-axis by a radians counterclockwise (when seen from above) moves the
point with rectangular coordinates (z,y, z), where

xr = rcosf

rsin
to the point

z(a) = rcos(f + «

~—

y(a) = rsin(f + «)

z(a) = z.

These new rectangular coordinates can be expressed in terms of the old ones,
using the angle-summation formulas for sine and cosine, as

z(a) = zcosa —ysina
y(a) = xsina Hycosa (1.29)
z() = =z
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Under a steady rotation around the z-axis with angular velocity®? & =
w radians/sec, the velocity v of our point is given by

T :<d:2(5)‘ 0)w = (—zsin0 —ycosO)w = —yw
a=
y == (dzil(s)‘ 0)w = (zrcos0—ysinO)w = aw
a=
z =0
which can also be expressed as
v = —yw? +awy
- = 77
v 7k
=0 0 w (1.30)
T Yy =z
—
=wk xp

where P =27 +y7 + 2k is the position vector of P.

When the rotation is about a different axis, the analogue of Equa-
tion (1.29) is rather complicated, but Equation (1.30) is relatively easy to
carry over, on geometric grounds. Note first that the z coordinate does not
affect the velocity in Equation (1.30): we could replace p’, which is the
displacement OP from the origin to our point, with the displacement PO—P>
from any point on the z-axis. Second, the vector w? can be characterized
as a vector parallel to our axis of rotation whose length equals the angular
velocity, where w is positive if the rotation is counterclockwise when viewed
from above. That is, we can regard the angular velocity as a vector W
analogous to a oriented area: its magnitude is the angular speed, and its
direction is normal to the planes invariant under the rotation (i.e., planes
perpendicular to the axis of rotation) in the direction from which the rota-
tion is counterclockwise. These considerations easily yield

Remark 1.7.5. The (spatial) velocity v of a point P under a steady rota-
tion (about the awis £) with angular velocity W is

V=W x PP (1.31)
where Py is an arbitrary point on £, the axis of rotation.

Associated to the analysis of rotation of rigid bodies are the rotational
analogues of momentum and force, called moments. Recall that the momen-
tum of a (constant) mass m moving with velocity @ is m@'; its angular

22We use a dot over a variable to indicate its time derivative.
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momentum or moment of momentum about a point Py is defined to be

—

PyP x m@. More generally, the moment about a point Py of any vector
—

quantity V applied at a point P is defined to be

—_— =
PoP x V.

For a rigid body, the “same” force applied at different positions on the
body has different effects on its motion; in this context it is the moment
of the force that is relevant. Newton’s First Law of Motion [39, Law 1(p.
416)] is usually formulated as conservation of momentum: if the net
force acting on a system of bodies is zero, then the (vector) sum of their
momenta will not change with time: put differently, their center of mass will
move with constant velocity. A second conservation law is conservation
of angular momentum, which says that in addition the (vector) sum of
the angular momenta about the center of mass will be constant. This net
angular momentum specifies an axis (through the center of mass) and a
rotation about that axis. For a rigid body, the motion can be decomposed
into these two parts: the displacement motion of its center of mass, and its
rotation about this axis through the (moving) center of mass.

Exercises for § 1.7

Practice problems:

1. Find an equation for the plane P described in each case:

(a) P goes through (1,2,3) and contains lines parallel to each of the
vectors

v =(3,1,2)
and
w = (1,0,2).
(b) P contains the three points

P(4,5,6)
Q(3,2,7)
R(5,1,1).
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(c) P contains P(3,1,4) and the line

Tz = 1+t
y = —2 42t
z = 3 —t.
(d) P is parametrized by
r = 1 —2s 43t
y = 2 -5 +t
z = —2 +s +t.

2. Give a parametrization of each plane P described below:

(a) P contains the three points

P(37 _17 2)
Q(27 17 _1)
R(8,3,1).
(b) P contains the lines
r =-2 +t
4 y =1 =2t
z = +t
r =-—1 +2t
ly y =-1 4+t .
z =5 -3t

(c) P meets the plane 3z + y + z = 8 in the line

r =1 —t
y =2 +t
z =-=-3 +2t

and is perpendicular to it.

(d) P is the locus of
2z — 3y + 4z = 3.

3. (a) Find a line in the plane 3z 4+ 7y + z = 29 which is perpendicular
to the line
r =1 -2t
y =3 +t
z =95 —t.
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(b) Find the line in the plane x 4+ y + 2z = 0 which meets the line ¢

given by
r =-—5 43t
y =4 =2t
z =1 —t

at the point (—2,2,0) and is perpendicular to £.
4. Parametrize the line described in each case below:

(a) ¢ is the intersection of the planes

Pi: bx—2y+32=0
Po: 2x+2y+2z=3.

(b) ¢ is the intersection of the planes parametrized as follows:

z = 1 428 +3t
Pl : Yy = 2 —S +t
z = 3 +s -2t
z =1 4s =t
Py : Yy = 2 425 43t
z = 3 —3s —t

5. Find the volume of each parallelepiped described below:

(a) The origin is a vertex, and the three vertices joined to the origin
by an edge are

P(1,-3,2)
Q(2,3,-1)
R(3,2,1).

(b) The faces of the parallelepiped lie on the planes

z=0
z=1
z =2y
z=2y—1
z=

z=x+ 1.
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6. Determine the orientation and volume of the simplex AABC D whose
vertices are

A(1,—1,1)
B(2,0,1)

C(2,-2,1)
D(1,-1,0)

7. The plane x + y 4+ z = 3 is continuously rotated about the line

x =t
=t
z =1t

(which is perpendicular to the plane and meets it at the point Py(1,1,1)).
If the point P(2,2,—1) has velocity ¥ = 7 — 7, what is its angular
momentum about the line?

Challenge problems:

8. Suppose Vg, U1,..., Un = Vg are the vertices of an oriented polygon
in the plane, traversed in order around the circumference. Show that
the sum of the moments of the vectors v; —v;_1, 72 = 1,...,n, about
the origin is twice the area of the polygon. (Hint: Compare problem
9 in the previous section.)

9. Consider the “prism” E bounded below by the zy-plane (z = 0), above
by the plane z = 1, and on the sides by the three vertical planes x =0
(the yz-plane), y = 0 (the zz-plane), and z+y = 1 (see Figure 1.56).

T Y
Figure 1.56: The Prism F
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(a) Show that E consists of all points in R3 which simultaneously
satisfy the inequalities

x>0

y=>0
r+y<1

0<z<1.

(b) Show that the six vertices of E are

(Note that in this numbering, @Q; is directly above F;.)

(c) Now consider the three oriented simplices

Ay = APyPLPQg
DNy = AP PoQo@q
Az = APQoQ1Q2.

Show that
i. /A1 consists of all points in F which also satisfy

r+y+z< 1.
ii. Ao consists of all points in £ which also satisfy
r+y+z>landy+2<1
iii. Az consists of all points in £ which also satisfy
y+z2>1.

(d) Show that each of the pairs of simplices Ay and Ay (resp. Aa
and A3) meets along a common face, while A1 and A3 meet only

at Ps.
(e) Show that each of these simplices has volume %.



Curves and
Vector-Valued Functions of One Variable

2.1 Conic Sections

We begin this chapter by looking at the conic sections, which were regarded
by the Greeks as the simplest curves after the straight line and circle. A
major source of information about classical Greek mathematics is Pappus of
Alexandria (ca. 300 AD), a formidable geometer of the late third century
AD." In his Mathematical Collection” he surveyed the work of his prede-
cessors; many of these works have been lost. He classified mathematical
problems according to the kinds of loci (curves) required for their solution:

e planar problems can be solved using circles and straight lines, or
planar loci. These are often called compass and straightedge
constructions;

e solid problems involve the intersection of a plane with a cone (solid
loci, or conic sections);

e linear problems® are those involving other loci, such as spirals (see

1 The work of Pappus is sometimes taken to mark the end of the classical Greek tradition
in mathematics.

2Parts of this survive in a twelfth-century copy.

3 Caution: this is not the modern meaning of “linear”!

115
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p. 145 and Exercises 6-7), quadratrices (Exercise 8) and conchoids
(Exercise 9).

One classic problem is that of duplicating the cube: given a cube, we
are to construct a second cube whose volume is twice that of the first (or
some other specified multiple). Hippocrates of Chios (460-380 BC) reduced
this [25, p. 131], [31, p. 41] to the problem of two mean proportionals:
given line segments a and b, to construct two other segments, y and x, whose
lengths satisfy
lal =yl = ly| : [«] = |a] : [b].

Early solutions of this problem [25, pp. 154-170] used “linear” loci, but two
solutions by Menaechmus (ca. 350 BC), a follower of Plato, appear to be the
first investigation and use of conic sections. The impossibility of duplicating
the cube by compass and straightedge was first proved in the nineteenth
century, using some deep algebraic and analytic results.

In this section, we will summarize two approaches to the conic sections.
First, we discuss briefly the way these curves arise from intersecting a cone
with a plane, the classic approach of Apollonius of Perga (ca.262-190 BC).
Second, we discuss the focus-directrix property, which was not mentioned by
Apollonius, but appeared some six hundred years later in the work of Pappus
of Alexandria (ca. 300 AD)—who however seems to have been summarizing
lost work by Euclid and his contemporaries, a generation before Apollonius.
Our treatment here will focus on results; more detailed arguments are in
Appendix A and Appendix B, respectively. At the end of this section, we
will also note the relation of this geometric work to the analysis of quadratic
curves in the plane.

Conics according to Apollonius

Pappus referred to two works on conic sections, by Euclid and Aristaeus
the Elder (ca. 320 BC), which preceded him by six centuries. These works
have been lost,” but in any case they were quickly eclipsed by the work of
Apollonius of Perga (ca. 262-ca. 190 BC), Conics in eight books, recognized
by his contemporaries as the definitive work on the subject.” Here, we give a

4Pappus refers to the “still surviving” Solid Loci of Aristaeus, but the Conics of Euclid
were apparently already lost by the time of Pappus.

5The first four books of Apollonius’ Conics have survived in a Greek edition with com-
mentaries by Eutocius (ca. 520 AD), and the next three survived in an Arabic translation
of Eutocius’ edition by Thabit ibn Qurra (826-901); the eighth book is lost. A modern
translation of Books I-IV is [41]. An extensive detailed and scholarly examination of the
Conics has recently been published by Fried and Unguru [15].
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simplified and anachronistic version of the basic ideas in Book I, bowlderizing
[25, pp. 355-9].

Conical Surface: Start with a horizontal circle C; on the vertical line
through the center of C (the axis®) pick a point A distinct from the
center of C. The union of the lines through A intersecting C (the gen-
erators) is a surface K consisting of two cones joined at their common
vertex (Figure 2.1). If we put the origin at A, the axis coincides with

Figure 2.1: Conical Surface IC

the z-axis, and K is the locus of the equation in rectangular coordinates

22 =m?(2? + %) (2.1)
where
m = cot «

is the cotangent of the angle o between the axis and the generators.

Horizontal Sections: A horizontal plane H not containing A intersects K
in a circle centered on the axis. The yz-plane intersects H in a line
which meets this circle at two points, B and C; clearly the segment
BC is a diameter of the circle. Given a point () on this circle distinct
from B and C (Figure 2.2), the line through @ parallel to the z-
axis intersects the circle in a second point R, and the segment QR
is bisected at V', the intersection of QR with the yz-plane. A basic
property of circles, implicit in Prop. 13, Book VI of Euclid’s Elements
[27, vol. 2, p. 216] and equivalent to the equation of a circle in
rectangular coordinates (Exercise 3), is

The product of the segments on a chord equals the product
of the segments on the diameter perpendicular to it.
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Q

Figure 2.2: Elements, Book VI, Prop. 13

In Figure 2.2, this means

QVI> = |QV|-|VR| = |BV]|-|[VC|. (2:2)

Conic Sections: Now consider the intersection of a plane P with the con-
ical surface K.

If P contains the origin A, there are three possible forms for the in-
tersection P N K:

e just the origin if P is horizontal or is tilted not too far off the
horizontal;

e a single generator if P is tangent to the cone, and

e a pair of generators otherwise.

These are rather uninteresting.

To classify the more interesting intersections when P does not contain
the origin A, recall that P N K is a circle when P is horizontal; so
suppose that P is any non-horizontal plane not containing A, and let
~ be the intersection of P with IC. Rotating our picture about the axis
if necessary, we can assume that P intersects any horizontal plane in
a line parallel to the z-axis. The yz-plane intersects P in a line that
meets v in one or two points; we label the first P and the second (if it
exists) P’; these are the vertices of v (Figure 2.3). Given a point Q
on « distinct from the vertices, let H be the horizontal plane through
Q, and define the points R, V, B and C as in Figure 2.2. The line
segments QV and PV are, respectively, the ordinate and abcissa.

There are three possibilities:

S Apollonius allows the axis to be obligue—mnot necessarily normal to the plane of C.
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Figure 2.3: Conic Section

e Parabolas: If PV is parallel to AC, then P is the only vertex
of v. We wish to relate the square of the ordinate, ]QV!2 =
|QV| - [VR|, to the abcissa |PV|. By Equation (2.2), the square
of the ordinate equals |[BV| - |[VC|. Apollonius constructs a line
segment PL perpendicular to the abcissa PV, called the orthia :
he then formulates the relation between the square of the ordinate
and the abcissa ® as equality of area between the rectangle LPV
and a square with side |QV| (recall Equation (2.2)).

QV|* = |PL||PV]. (2.3)

In a terminology going back to the Pythagoreans, this says that
the square on the ordinate is equal to the rectangle applied to
PL, with width equal to the abcissa. Accordingly, Apollonius
calls this curve a parabola (the Greek word for “application” is
nopaBorn) [25, p. 359].

If we take rectangular coordinates in P with the origin at P
and axes parallel to QV (y = |QV|) and PV (x = |PV|), then
denoting the length of the orthia PL by p, we obtain the equation
for the rectangular coordinates of ()

y? = pr. (2.4)

The coefficient p above is called the parameter of ordinates
for ~.

"the Latin translation of this term is latus rectum, although this term has come to
mean a slightly different quantity, the parameter of ordinates.
8Details of a proof are in Appendix A
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e Ellipses: If PV is not parallel to AC, then the line PV (ex-

tended) meets the line AB (extended) at a second vertex P’. If
¢ denotes the (acute) angle between P and a horizontal plane H,
then V lies between P and P’ if 0 < ¢ < % —a and P lies between
Vand PPif T —a<¢<T.

In the first case, in contrast to the case of the parabola, the ratio
of |QV|* to |PV| depends on the point @ on the curve . To
understand it, we again form the “orthia” of « as a line segment
PL perpendicular to PV with length p.

Now let S be the intersection of LP’ with the line through V
parallel to PL (Figure 2.4).

Figure 2.4: Definition of S

One derives the equation (see Appendix A)
QVI* =|Vs|-|PV]. (2.5)

This is like Equation (2.3), but |PL| is replaced by the shorter
length |V S|; in the Pythagorean terminology, the square on the
ordinate is equal to the rectangle with width equal to the abcissa
applied to the segment V'S, falling short of PL. The Greek for
“falling short” is énkeupill, and Apollonius calls v an ellipse in
this case.

To obtain the rectangular equation of the ellipse, we set

d= |PP' ‘
(the diameter) and derive as the equation of the ellipse
2 _ (15 = — P2
Y —|VS|:E—p<1 d)aj px — —z”. (2.6)
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e Hyperbolas: In the final case, when § — a < ¢ < 7, The same
arguments as in the ellipse case yield Equation (2.5), but this time
the segment V'S exceeds PL; the Greek for “excess” is finepBoAy,
and « is called a hyperbola.

A verbatim repetition of the calculation leading to Equation (2.6)
leads to its hyperbolic analogue,

y? =pxr+ §x2. (2.7)

P lies between V and P’.

The Focus-Directrix Property

Pappus, in a section of the Collection headed “Lemmas to the Surface Loci’
of Euclid”, proves the following ([25, p. 153]):

Lemma 2.1.1. If the distance of a point from a fized point be in a given
ratio to its distance from a fized straight line, the locus of the point is a conic
section, which is an ellipse, a parabola, or a hyperbola according as the ratio
is less than, equal to, or greater than, unity.

The fixed point is called the focus, the line is the directrix, and the
ratio is called the eccentricity of the conic section. This focus-directriz
property of conics is not mentioned by Apollonius, but Heath deduces from
the way it is treated by Pappus that this lemma must have been stated
without proof, and regarded as well-known, by Euclid. We outline a proof
in Appendix B.

The focus-directrix characterization of conic sections can be turned into
an equation. This approach—treating a curve as the locus of an equation in
the rectangular coordinates—was introduced in the early seventeenth cen-
tury by René Descartes (1596-1650) and Pierre de Fermat (1601-1665). Here,
we sketch how this characterization leads to equations for the conic sections.

To fix ideas, let us place the y-axis along the directrix and the focus at
a point F'(k,0) on the x-axis. The distance of a generic point P(z,y) from
the y-axis is |z|, while its distance from the focus is

|FP|=+/(x —k)?+ 92

9This work, like Euclid’s Conics, is lost, and little information about its contents can
be gleaned from Pappus.
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Thus the focus-directrix property can be written

|FP|
||

where e is the eccentricity. Multiplying through by |z| and squaring both
sides leads to the equation of degree two

(z — k)* + 9% = e22?.
which can be rewritten

(1 —e®)a? — 2kx +y? = k2 (2.8)

Parabolas
When e = 1, the z%-term drops out, and we have

y® = 2kx — k* =2k <:17 - g) . (2.9)

Now, we change coordinates, moving the y-axis k/2 units to the right.
The effect of this on the equation is a bit counter-intuitive. To understand
this, let us fix a point P whose coordinates before the move were (z,y); let
us for a moment denote its coordinates after the move by (X,Y’). Clearly,
since nothing moves up or down, ¥ = y. However, the new origin is k/2
units to the right of the old one—or looking at it another way, the new
origin was, in the old coordinate system, at (x,y) = (k/2,0), and is now (in
the new coordinate system) at (X,Y’) = (0,0); in particular, X = x — k/2.
But this effect applies to all points. So if a point is on our parabola—that
is, if its old coordinates satisfy Equation (2.9), then rewriting this in terms
of the new coordinates we get Y2 = 2k X.

Switching back to using lower-case x and y for our coordinates after the
move, and setting

p =2k,

we recover Equation (2.4)

y? = px

as the equation of the parabola with directrix
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and focus

This is sketched in Figure 2.5.

r = —

NS

Figure 2.5: The Parabola y? = pz, p > 0

By interchanging = and y and setting p = 1/a, we get the more familiar
equation

y = ax? (2.10)

which represents a parabola with focus F(0,1/4a) and directrix y = —1/4a.
(Figure 2.6)

Figure 2.6: The Parabola y = az?, a > 0
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Ellipses

When e # 1, completing the square in Equation (2.8) and moving the y-axis
to the right /(1 — €2) units, we obtain

k2e2

2.11

(1—eXa?+9° =

as the equation of the conic section with eccentricity e # 1, directrix where

o k
1—e2’
and focus
ke? —ke?
F(—— =F(——,0).
(.0) = F(=5,0)

Noting that the z-coordinate of the focus is e? times the constant in
the equation of the directrix, let us consider the case when the focus is at
F(—ae,0) and the directrix is = —a/e: that is, let us set

ke

a= )
1—e2

This is positive provided 0 < e < 1, the case of the ellipse.
If we divide both sides of Equation (2.11) by its right-hand side, we
recognize the resulting coefficient for 22 as 1/a? and get the equation
2 2
€z Y
—+ =1 2.12
a? + a?(1 —e?) (2.12)

In the case e < 1, we can define a new constant b by

b=ay1-—e2

so that (2.12) becomes
2 2

z® oy
St =1 (2.13)

This is the equation of the ellipse with focus F(—ae,0) and directrix z =

—a/e, where
b 2
=4/1-(-) . 2.14
e=yf1- (%) (214

Let us briefly note a few features of this curve:
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e First, since  and y each enter Equation (2.13) only as their squares,
replacing z with —x (or y with —y) does not change the equation: this
means the curve is invariant under reflection across the y-axis. In
particular, this gives us a second focus/directrix pair for the curve:
F(ae,0) and x = a/e.

e Second, it is clear that the ellipse is bounded: in fact the curve has
x-intercepts (£a,0) and y-intercepts (0,£b). In the case a > b the
distance 2a (resp. 2b) between the z-intercepts (resp. y-intercepts) is
called the major axis (resp. minor axis); the corresponding numbers
a and b are the semimajor axis and the semiminor axis,and the
z-intercepts are sometimes called the vertices of the ellipse. When
a < b, the names are interchanged. Equation (2.13) with b > a can
be regarded as obtained from a version with b < a by interchanging z
with y. Geometrically, this means that when b > a the foci are on the
y-axis instead of the x-axis (and the directrices are horizontal).

e Third, if we know the semimajor axis a and the semiminor axis b, then
the distance from the origin to the two foci is given by the formula
(when a > b)

c = lae| = Va2 — b?

A consequence of this formula is that the hypotenuse of the right
triangle formed by a y-intercept, the origin, and a focus has length a.
From this we have another characterization of an ellipse (Exercise 4):

The sum of the distances of any point on the ellipse to the
two foci equals the major axis.

e Finally, note that when a = b, Equation (2.14) forces e = 0. Equa-
tion (2.13) is then the equation of a circle with radius a and center
at the origin; however, the analysis which led us to Equation (2.13)
is no longer valid—in particular the equation from which we started
becomes 22 + 32 = 0, whose locus is just the origin. However, we can
think of this as a virtual “limiting case” where the two foci are located
at the origin and the directrices are “at infinity”.

This information is illustrated in Figure 2.7
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2

Figure 2.7: The ellipse i—; +4%=1a>b>0

Hyperbolas:

When e > 1, then the coefficient of y? in Equation (2.12) is negative; in this
case we define the number b > 0 by

and obtain the hyperbolic analogue of Equation (2.13)

332 y2

as the equation of the hyperbola with focus F'(—ae,0) and directrix z = a/e,

where
b 2
e=14/1+ <—> .
a

This curve shares some features with the ellipse, but is dramatically
different in other respects:

e Asin Equation (2.13), z and y each enter Equation (2.15) only as their
squares, so replacing z with —z (or y with —y) does not change the
equation: this means the curve is invariant under reflection across the
y-axis. In particular, this gives us a second focus/directrix pair for the
curve: F(ae,0) and x = a/e.

e Equation (2.15) forces |x| > a: thus there are no y-intercepts: the
curve has two separate branches, one opening to the right from (a,0)
and the other opening to the left from (—a,0); these are the vertices
of the hyperbola. The distance 2a between the vertices is called the
transverse axis of the hyperbola. As |z| grows, so does |y|: in each
branch, y ranges over all values, with x decreasing to x = a in the right
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branch (increasing to x = —a in the left branch) as y decreases from
oo to zero and then increasing (resp. decreasing) again as y passes
zero and goes to —oo.

e This time, there is no a priori inequality between a and b.

Replacing the number 1 on the right of Equation (2.15) with —1

A (2.16)

=1 (2.17)

The locus of this equation is a curve whose branches open up and
down from (0, ) and (0, —b) respectively; their foci are at (0, be) (resp.
(0, —be)) and their directrices are y = b/e (resp. y = —b/e), where the

eccentricity is
an 2
e=14/1+ <—> .
b

e The equation obtained by replacing the number 1 with 0 on the right
of Equation (2.15)

22 g2

a?>  b?

has as its locus the two lines y/x = +b/a. It is straightforward to check

that as a point P(x,y) moves along the hyperbola with x — +o0, the

ratio y/x tends to £b/a, so the distance of P from one of these lines

goes to zero. These lines are called the asymptotes of the hyperbola.

=0 (2.18)

e The distance from the origin to the two foci is given by the formula

c = lae| = Va2 + b2

A consequence of this formula is another characterization of a a hy-
perbola (Exercise 5):

The (absolute value of the) difference between the distances
of any point on the hyperbola to the two foci equals the trans-
verse axis.

This information is illustrated in Figure 2.8.
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Figure 2.8: Hyperbolas and asymptotes

Moving loci

In the model equations we have obtained for parabolas, ellipses and hyper-
bolas in this section, the origin and the two coordinate axes play special
roles with respect to the geometry of the locus. For the parabola given by
Equation (2.10), the origin is the vertex, the point of closest approach to the
directrix, and the y-axis is an axis of symmetry for the parabola, while the
zr-axis is a kind of boundary which the curve can touch but never crosses.
For the ellipse given by Equation (2.13), the coordinate axes are both axes
of symmetry, containing the major and minor axes, and the origin is their
intersection (the center of the ellipse). For the hyperbola given by Equa-
tion (2.15), the coordinate axes are again both axes of symmetry, and the
origin is their intersection, as well as the intersection of the asymptotes (the
center of the hyperbola).

Suppose we want to move one of these loci to a new location: that is, we
want to displace the locus (without rotation) so that the special point given
by the origin for the model equation moves to («, ). Any such motion
is accomplished by replacing x with z plus a constant and y with y plus
another constant inside the equation; we need to do this in such a way that
substituting £ = « and y = ( into the new equation leads to the same
calculation as substituting x = 0 and y = 0 into the old equation. It may
seem wrong that this requires replacing x with x — « and y with y — 8 in
the old equation; to convince ourselves that it is right, let us consider a few
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simple examples.
First, the substitution

r—x—1

y—y—2
into the model parabola equation
y==x
leads to the equation
y—2=(z-1)%
we note that in the new equation, substitution of the point (1,2) leads to
the equation 0 = 0, and furthermore no point lies below the horizontal line

through this point, y — 2 = 0: we have displaced the parabola so as to move
its vertex from the origin to the point (1,2) (Figure 2.9).

(0,3) (2,3)

\_/J —-2= (w - 1)2
(—1,1) S
\\/I/ =z

Figure 2.9: Displacing a parabola

Second, to move the ellipse
2 2
z? oy
_ _— = 1
+ 1

4

so that its center moves to (—2,2), we perform the substitution
r—x—(—2)=x+2
y—y—2

(Figure 2.10)
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Figure 2.10: Displacing an ellipse

We can also reflect a locus about a coordinate axis. Since our model
ellipses and hyperbolas are symmetric about these axes, this has no effect
on the curve. However, while the model parabola given by Equation (2.10)
is symmetric about the y-axis, it opens up; we can reverse this, making it
open down, by replacing y with —y, or equivalently replacing the positive
coefficient p with its negative. For example, when p = 1 this leads to the
equation

Yy=—x

whose locus opens down: it is the reflection of our original parabola y = z2

about the z-axis (Figure 2.11).

Figure 2.11: Reflecting a parabola about the x-axis

Finally, we can interchange the two variables; this effects a reflection
about the diagonal line y = x. We have seen the effect of this on an ellipse
and hyperbola. For a parabola, the interchange x < y takes the parabola
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y = 2%, which opens along the positive y-axis (i.e., up), to the parabola x =
y?, which opens along the positive z-axis (i.e., to the right) (Figure 2.12),
and the parabola y = —22, which opens along the negative y-axis (i.e.,
down), to the parabola x = —y2, which opens along the negative z-axis
(i.e., to the left).

Figure 2.12: Reflecting a parabola about the diagonal

We shall see later § 3.10 that, with a few degenerate exceptions, every
quadratic equation has as its locus one of the conic sections discussed here.

Exercises for § 2.1

Practice problems:

1. Identify each of the following curves as a circle, ellipse, hyperbola,
parabola, or degenerate locus. For a parabola, determine the axis
of symmetry and vertex. For a hyperbola, determine the vertices,
asymptotes and center. For an ellipse (resp. circle), determine the
center and semimajor and semiminor axes (resp. radius).

2. Determine the focus, directrix and eccentricity of each conic section
below:
(a) 222 —dz —y=0
(b) 4y®> — 16y +x+16 =0
(c) 42? — 8z +9y?> + 36y +4 =0
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(d) 22 +4z —16y> +32y +4=0
Theory problems:

3. Show that Equation (2.2) (the statement of Prop. 13, Book VI of the
Elements) is equivalent to the standard equation for a circle.

4. Show that the sum of the distances from a point on an ellipse to its
two foci equals the major axis. (You may assume the equation is in
standard form.) This is sometimes called the Gardener’s characteri-
zation of an ellipse: explain how one can construct an ellipse using a
piece of string.

5. Show that the (absolute value of the difference between the distances
from a point on a hyperbola to its two foci equals the transverse axis.
(You may assume the equation is in standard form.)

History notes:

Spiral of Archimedes: Archimedes in his work On Spirals [3], studied
the curve with polar equation r = af (a a positive constant) (see p. 145).

6. Quadrature of the Circle: According to Heath [24, vol. 1, p.
230] and Eves [13, p. 84], Archimedes is said to have used the spiral
to construct a square whose area equals that of a given circle. This
was one of the three classical problems (along with trisecting the an-
gle and duplicating the cube) which the Greeks realized could not be
solved by ruler-and-compass constructions [24, vol 1, pp. 218ff], al-
though a proof of this impossibility was not given until the nineteenth
century. However, a number of constructions using other curves (not
constructible by compass and straightedge) were given. Our exposition
of Archimedes’ approach follows [13, p. 84].

(a) The area of a circle is equal, by Archimedes’ result in Measure-
ment of a Circle [2, Prop. 1, p. 91}, to half the product of its
radius and its circumference. Show that the the ray perpendic-
ular to the initial position of the ray generating the spiral cuts
the spiral in a segment whose length is one-fourth of the circum-
ference of the circle of radius a.

(b) Use this to show that the side s of a square whose area equals
that of the circle of radius a is the mean proportional between
the circumference of the circle and the length of this segment.
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(The mean proportional between A and B is the number M such
that A: M = M : B.)

. Trisection of an Angle: Proposition 12 in On Spirals [3, p. 166]

gives an immediate construction for trisecting a given angle. Again, I
follow Eves [13, p. 85]: given a spiral and a given angle ZAOB = 6,
draw a spiral starting with the generating ray along OA, and let P be
its intersection with the spiral. Now divide OP into three equal parts
OPl, ]PSlPQ, and P2P Show that 4P10P = 4P10P2 = APQOP = g
Note that a similar argument allows division of an angle into arbitrarily
many equal parts.

. The Quadratrix of Hippias: Pappus describes the construction of

a curve he calls the quadratriz, which can be used for the quadra-
ture of the circle as well as trisection of an angle. He ascribes it to
Nicomedes (ca. 280-210 BC), but Proclus (411-485), a later commen-
tator on Euclid and Greek geometry as important as Pappus, ascribes
its invention to Hippias of Elis (ca. 460-400 BC), and Heath trusts him
more than Pappus on this score (see [24, vol. 1, pp. 225-226]). The
construction is as follows [13, p. 95]: the radius OX of a circle rotates
through a quarter-turn (with constant angular speed) from position
OC to position OA, while in the same time interval a line B.D parallel
to OA undergoes a parallel displacement (again with constant speed)
from going through C to containing OA. The quadratriz is the locus
of the intersection of the two during this motion (except for the final
moment, when they coincide).

(a) Assuming the circle has center at the origin and radius a and the
final position of the radius OA is along the positive x-axis, show
that the equation of the quadratrix in polar coordinates is

mrsin @ = 2a6.

(b) Show that if P is on the arc of the circle in the first quadrant,
then the angle ZPOA can be trisected as follows: let F' be the
intersection of O P with the quadratrix, and let F'H be the vertical
line segment to the z-axis. If F’ is one-third the way from H to
F along this segment, and F'L is a horizontal segment with L on
the quadratrix, then show that ZLOA = %APOA.

(¢) i. Show that if the quadratrix intersects OA at G, then OG =
2?“. (You can use calculus here: in the proof by Dinostratus
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(ca. 390-320 BC), it is done by contradiction, using only
Euclidean geometry.)

ii. Conclude from this that
CA:0A=0A:OG.

iii. Show how, in light of this, we can construct a line segment
equal in length to C'A.

iv. Show that a rectangle with one side equal to twice this line
segment and the other equal to a has the same area as the
circle of radius a.

v. Given a rectangle with sides of length w and A, show that the
side s of a square with the same area satisfies w : s = s : h.
The construction of a segment of length s given segments of
respective lengths w and h is given in Proposition 13, Book
VI of Euclid’s Elements.

9. The Conchoid of Nicomedes: Nicomedes (ca. 280-210 BC) con-
structed the following curve: Fix a point O and a line L not going
through O, and fix a length £. Now, for each ray through O, let @ be
its intersection with L and let P be further out along the ray so that
QP has length a.

(a)

(b)

()

Show that if O is the origin and L is the horizontal line at height
b, then the equation of the conchoid in polar coordinates is

r=a+bcsch.

Show that the equation of the same conchoid in rectangular co-

ordinates is
2

(y — b)*(2* +¢?) = a®y”.
Trisecting an angle with the conchoid: [25, p. 148] Consider
the following configuration (see Figure 2.13): Given a rectangle
BCAF, suppose that the line F'A is extended to E in such a
way that the line AD cuts off from BE a segment DFE of length
precisely 2AB. Now let AG bisect DE. Then AB = DG = GE;
show that these are also equal to AG. (Hint: ZDAFE is a right
angle.) Conclude that ZABG = ZAGB and ZGAE = Z/GEA,;
use this to show that /GBA = 2ZAEG. (Hint: external angles.)
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F A E

Figure 2.13: Trisecting an Angle

Finally, show that /GBC = ZAEG, and use this to show that
LABC =3/ZGBC.

How do we use this to trisect an angle? Given an angle, draw it as
/ABC where AC is perpendicular to BC. Now using B in place
of ) and the line AC' in place of L, with a = 2AB, carry out the
construction of the conchoid. Show that FE is the intersection of
the line through A parallel to BC with the conchoid. But then
we have constructed the angle /G BA to be one-third of the given
angle.

Challenge problem:

10. Show that the locus of the equation
zy =1
is a hyperbola. (Hint: consider a different coordinate system, using
the diagonal and anti-diagonal as axes.)
2.2 Parametrized Curves

Parametrized Curves in the Plane

There are two distinct ways of specifying a curve in the plane. In classical
geometric studies, a curve is given in a static way, either as the intersection
of the plane with another surface (like the conical surface in Apollonius) or
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by a geometric condition (like fixing the distance from a point or the focus-
directrix property in Euclid and Pappus). This approach reached its modern
version in the seventeenth century with Descartes’ and Fermat’s formulation
of a curve as the locus of an equation in the coordinates of a point. A second
and equally important source of curves is dynamic in nature: a curve can be
generated as the path of a moving point. This is the fundamental viewpoint
in Newton’s Principia (as well as the work of Newton’s older contemporary
Christian Huygens (1629-1695)), but “mechanical” constructions of curves
also go back to antiquity, for example in “Archimedes’ spiral” (p. 145).

We have seen in the case of lines how these two approaches interact: for
example, the intersection of two lines is easier to find as the simultaneous so-
lution of their equations, but a parametrized version more naturally encodes
intrinsic geometric properties like the “direction” of a line. We have also
seen that when one goes from lines in the plane to lines in space, the static
formulation becomes unwieldy, requiring two equations, while—especially
with the language of vectors—the dynamic formulation extends quite natu-
rally. For this reason, we will adopt the dynamic approach as our primary
way to specify a curve.

We can think of the position of a point moving in the plane as a vector-
valued function assigning to each ¢ € I the vector P'(t); this point of view
is signified by the notation

7:R—R?

indicating that the function 7’ takes real numbers as input and produces
vectors in R? as output. If we want to be explicit about the domain I we
write

71 —R2

The component functions of a vector-valued function

are simply the (changing) coordinates of the moving point; thus a vector-
valued function p:R—R? is the same thing as a pair of (ordinary, real-
valued) functions.

We have seen how to parametrize a line in the plane. Some other stan-
dard parametrizations of curves in the plane are:

Circle: A circle in the plane with center at the origin and radius R > 0 is
the locus of the equation

a:2+y2 = R
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A natural way to locate a point on this circle is to give the angle that
the radius through the point makes with the positive z-axis; equiva-
lently, we can think of the circle as given by the equation » = R in
polar coordinates, so that the point is specified by the polar coordinate
f. Translating back to rectangular coordinates we have

x = Rcosf
y = Rsinf
and the parametrization of the circle is given by the vector-valued

function

7 (0) = (Rcosf, Rsinf).

As 0 goes through the values from 0 to 2w, p (6) traverses the circle
once counterclockwise; if we allow all real values for 6, p’(0) continues
to travel counterclockwise around the circle, making a full circuit every
time @ increases by 2m. Note that if we interchange the two formulas
for x and y, we get another parametrization

¢ (t) = (Rsiné, Rcosf)

which traverses the circle clockwise.
We can displace this circle, to put its center at any specified point
C(e1, ¢2), by adding the (constant) position vector of the desired center
C to B (0) (or (1))
7(0) = (Rcosf, Rsin ) + (c1, c2)
= (c1 + RcosB,co + Rsind).

Ellipse: The “model equation” for an ellipse with center at the origin
(Equation (2.13) in § 2.1)

looks just like the equation for a circle of radius 1 centered at the
origin, but with x (resp. y)) replaced by z/a (resp. y/b), so we can
parametrize this locus via

= cosf

e 8

=sin6
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or

7 (0) = (acos,bsinh).

To understand the geometric significance of the parameter 6 in this
case (Figure 2.14), imagine a pair of circles centered at the origin, one
circumscribed (with radius the semi-major axis a), the other inscribed
(with radius the semi-minor axis b) in the ellipse.

/”--5\\
- ~
s N
/ \
/ b 1\
/ - ~ \
Ve —_
/ 7 \ \
! A\ a
t t
\ 1
\ \ 4 /
\ \\ // /
\ /
\ /
N s
~ -
\\5-_”/

Figure 2.14: Parametrization of an Ellipse

Draw a ray at angle § with the positive z-axis; the point p'(6) is the
intersection of two lines—one vertical, the other horizontal—through
the intersections of the ray with the two circles. Again, the ellipse is
traversed once counterclockwise as  varies by 2.

Again, by adding a constant displacement vector, we can move the

ellipse so that its center is at (c1,co):

7 (0) = (acosf,bsinb) + (ci1, c2)
= (c1 +acosf,co+ bsin).

Hyperbola: The “model equation” for a hyperbola (Equation (2.15) and

Equation (2.16) in § 2.1)
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can be parametrized as follows. The substitution

et et
2

e 28
)
H
)

yields

and similarly

SO

The functions

2 (2.19)

sinht = €=e

t —t
{ cosht = %

are known, respectively, as the hyperbolic cosine and hyperbolic
sine of t. Using Euler’s formula (Calculus Deconstructed, p. 475),
they can be interpreted in terms of the sine and cosine of an imaginary
multiple of ¢, and satisfy variants of the usual trigonometric identities
(Exercise 6):

1
cosht = 3 cos it

1
sinht = — sin #t.
21
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We see that
D (t) = (acosht,bsinht) — oo <t< oo

gives a curve satisfying
2 2
x
a b2
However, note that cosht is always positive (in fact, cosht > 1 for all
t), so this parametrizes only the “right branch” of the hyperbola; the

“left branch” is parametrized by
7 (t) = (—acosht,bsinht) — oo <t < oc.

Similarly, the two branches of

are parametrized by

—

p (t) = (asinht, +bcosht) — oo <t < 0.

Parabolas: The model equation for a parabola with horizontal directrix
(Equation (2.10) in § 2.1)

y = ax’

is easily parametrized using x as the parameter:

r=t
Yy = at?
which leads to
P(t) = (t,at?) —oo<t<oo.

This last example illustrates how to parametrize a whole class of curves.
The equation for a parabola gives one of the coordinates as an explicit
function of the other—that is, the curve is represented as the graph of a
function.

Remark 2.2.1. If a curve is expressed as the graph of a function
y=f(z)

then using the independent variable as our parameter, we can parametrize
the curve as

() = (L, f(1))-
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The circle 22 + y? = 1 consists of two graphs: if we solve for y as a
function of z, we obtain

y=+v1-22, —-1<z<1

The graph of the positive root is the upper semicircle, and this can be
parametrized by

D)= (t,V1—12), te[-1,1].

Note, however, that in this parametrization, the upper semicircle is traversed
clockwise; to get a counterclockwise motion, we replace t with its negative:

qTt)=(-t,v/1-12), te[-1,1].

The lower semicircle, traversed counterclockwise, is the graph of the negative
root:

D)= (t,—1-12, te[-1,1].

The general relation between a plane curve, given as the locus of an
equation, and its possible parametrizations will be clarified by means of the
Implicit Function Theorem in Chapter 3.

Analyzing a Curve from a Parametrization

The examples in the preceding section all went from a static expression of a

curve as the locus of an equation to a dynamic description as the image of

a vector-valued function. The converse process can be difficult, but given a

function p:R—R?, we can try to “trace out” the path as the point moves.
As an example, consider the function p: R —R? defined by

z(t) =t
y(t) =t*

with domain (—o0,00). We note that y(¢) > 0, with equality only for ¢t = 0,
so the curve lies in the upper half-plane. Note also that x(¢) takes each
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real value once, and that since z(t) is an odd function and y(t) is an even
function, the curve is symmetric across the y-axis. Finally, we might note
that the two functions are related by

or

so the curve is the graph of the function 2%/3—that is, it is the locus of the
equation

y:az2/3.

This is shown in Figure 2.15: as t goes from —oo to oo, the point moves to
the right, “bouncing” off the origin at ¢t = 0.

Figure 2.15: The curve y3 = 22

A large class of curves can be given as the graph of an equation in polar
coordinates. Usually, this takes the form

r=f(0).

Using the relation between polar and rectangular coordinates, this can be
parametrized as

D(0) = (f(0)cosh, f(0)sinb).

We consider a few examples.
The polar equation
r =-sinf



2.2. PARAMETRIZED CURVES 143

describes a curve which starts at the origin when # = 0; as 6 increases,
so does r until it reaches a maximum at ¢t = Z (when p'(3) = (0,1))
and then decreases, with 7 = 0 again at § = 7 (p(7) = (—1,0)). For
m < 6 < 27, r is negative, and by examining the geometry of this, we see
that the actual points p (#) trace out the same curve as was already traced

out for 0 < @ < w. The curve is shown in Figure 2.16. In this case, we can

Figure 2.16: The curve r = sin 6

recover an equation in rectangular coordinates for our curve: multiplying
both sides of

r=sind

by r, we obtain

r? =rsind

2

and then using the identities r? = 22 + y? and y = rsinf, we can write

which, after completing the square, can be rewritten as

2oy LY 1
Y73) Tw

We recognize this as the equation of a circle centered at (0, %) with radius
1

5.
The polar equation
r = sin 26

may appear to be an innocent variation on the preceding, but it turns out
to be quite different. Again the curve begins at the origin when 6 = 0 and
r increases with 6, but this time it reaches its maximum r = 1 when 6 = 7,
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™

which is to say along the diagonal (p'(§) = (%, %)), and then decreases,
hitting 7 = 0 and hence the origin when # = 5. Then r turns negative,
which means that as ¢ goes from § to 7, the point P (0) lies in the fourth
quadrant (x > 0, y < 0); for 7 < 0 < 37”, r is again positive, and the
point makes a “loop” in the third quadrant, and finally for 37“ <0< 2m, it
traverses a loop in the second quadrant. After that, it traces out the same
curve all over again. This curve is sometimes called a four-petal rose

( Figure 2.17). Again, it is possible to express this curve as the locus of an

w\ i

Figure 2.17: Four-petal Rose r = sin 20

equation in rectangular coordinates via mutliplication by r. However, it is
slightly more complicated: if we multiply

r = sin 260
by r, we obtain
r? = rsin 20

whose left side is easy to interpret as x? + y2, but whose right side is not so
obvious. If we recall the identity sin 260 = 2sin # cos 6, we see that

rsin20 = 2rsin 6 cos 0
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but to turn the right side into a recognizable expression in x and y we need
to multiply through by 7 again; this yields

r3 = 272 sin Or cos 0
or

)3/2 = 2xy.

(m2 + y2
While this 4s an equation in rectangular coordinates, it is not particularly
informative about our curve.
Polar equations of the form

r = sinnb

define curves known as “roses”: it turns out that when n is even (as in
the preceding example) there are 2n “petals”, traversed as 6 goes over an
interval of length 27, but when n is odd—as for example n = 1, which was
the previous example—then there are n “petals”, traversed as 6 goes over
an interval of length 7.

A different kind of example is provided by the polar equation

r = afd

where a > 0 is a constant, which was (in different language, of course)
studied by Archimedes of Syracuse (ca.287-212 BC) in his work On Spirals
[3] and is sometimes known as the spiral of Archimedes. Here is his own
description (as translated by Heath [20, p. 154]):

If a straight line of which one extremity remains fized be made to
revolve at a uniform rate in a plane until it returns to the position
from which it started, and if, at the same time as the straight line
revolves, a point move at a uniform rate along the straight line,
starting from the fived extremity, the point will describe a spiral
in the plane.

Of course, Archimedes is describing the above curve for the variation of
from 0 to 2. If we continue to increase 6 beyond 27, the curve continues to
spiral out, as illustrated in Figure 2.18. If we include negative values of 8, we
get another spiral, going clockwise instead of counterclockwise (Figure 2.19)
It is difficult to see how to write down an equation in z and y with this
locus.
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N>

Figure 2.18: The Spiral of Archimedes, r =6, 60 >0

~,

N

)

Figure 2.19: r=6,60 <0

Finally, we consider the cycloid, which can be described as the path of
a point on the rim of a wheel which rolls along a line (Figure 2.20). Let R
be the radius of the wheel, and assume that at the beginning the point is
located on the line—which we take to be the {,—at the origin, so the center
of the wheel is at (0, R). We take as our parameter the (clockwise) angle
f which the radius to the point makes with the downward vertical, that is,
the amount by which the wheel has turned from its initial position. When
the wheel turns 6 radians, its center travels Rf units to the right, so the
position of the center of the wheel corresponding to a given value of 6 is

TO) =R7 +(ROT
= (RO, R).
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7
70 R

Figure 2.20: Turning Wheel

At that moment, the radial vector 7 (#) from the center of the wheel to the
point on the rim is

7 (0) = —R(sin7%" +cosf7)
and so the position vector of the point is

P(O)="7c(0)+7(0)
= (RO — Rsinf, R — Rcos0)

or

x(0) = R(6 — sin6)
y(0) = R(1 — cos ).

The curve is sketched in Figure 2.21.

=0 0 = 2r
Figure 2.21: Cycloid

Curves in Space

As we have seen in the case of lines, when we go from curves in the plane
to curves in space, the static formulation of a curve as the locus of an



148 CHAPTER 2. CURVES

equation must be replaced by the more complicated idea of the locus of a
pair of equations. By contrast, the dynamic view of a curve as the path of
a moving point—especially when we use the language of vectors—extends
very naturally to curves in space. We shall adopt this latter approach to
specifying a curve in space.

The position vector of a point in space has three components, so the
(changing) position of a moving point is specified by a function whose values
are vectors in R3, which we denote by p’: R—R?; this can be regarded as a
triple of functions:

x = x(t)
y=y(t)
z = z(t)

or

(1) = (2(t),y(t), 2(1)).

As before, it is important to distinguish the wvector-valued function 7 (t),
which specifies the motion of a point, from the path traced out by the point.
Of course the same path can be traced out by different motions; the curve
parametrized by the function 7 '(¢) is the range (or image) of the function:

C={p(t) |t € domain(p)}.

When we are given a vector-valued function p:R—R3, we can try to
analyze the motion by considering its projection on the coordinate planes.
As an example, consider the function defined by

x(t) = cos 27t

y(t) = sin 27t

z(t) =t
which describes a point whose projection on the xy-plane moves counter-
clockwise in a circle of radius 1 about the origin; as this projection circulates
around the circle, the point itself rises in such a way that during a complete
“turn” around the circle, the “rise” is one unit. The “corkscrew” curve

traced out by this motion is called a helix (Figure 2.22).
While this can be considered as the locus of the pair of equations

T = Ccos 27z

y = sin 27z
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—
-

Figure 2.22: Helix

such a description gives us far less insight into the curve than the parametrized
version.
As another example, let us parametrize the locus of the pair of equations

224yt =1
y+z=0

which, geometrically, is the intersection of the vertical cylinder
2yt =1
with the plane
y+2=0.

The projection of the cylinder on the xy-plane is easily parametrized by

T = cost

y =sint

and then substitution into the equation of the plane gives us
z = —sint.

Thus, this curve can be described by the function p: R—R3

P (t) = (cost,sint, —sint).
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Figure 2.23: Intersection of the Cylinder 22 +y? = 1 and the Plane y+2z = 0.

It is shown in Figure 2.23. Note that it is an ellipse, not a circle (for example,
it intersects the x-axis in a line of length 2, but it intersects the yz-plane in
the points (0,41, F1), which are distance v/2 apart).

How would we parametrize a circle in the plane y + z = 0, centered at
the origin? One way is to set up a rectangular coordinate system (much like
we did for conic sections) given by

X=z
Y =yV2

which gives the distance from the yz-plane and the z-axis. The translation
back is

r=X
1

- Y

G
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Then a circle of radius 1 centered at the origin but lying in the plane is given
by the parametrization

X = cost
Y =sint

and the translation of this to space coordinates is

T = cost
1 . ;
= —gin
Yy \/5
2z = ———=sint

V2

or

1 1
D (t) = (cost, —=sint, ———=sint).

V2 V2
This is sketched in Figure 2.24.

Figure 2.24: Circle of radius 1 about the Origin in the Plane y + z = 0.

Exercises for § 2.2

Practice problems:
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1. Parametrize each plane curve below, indicating an interval of param-
eter values over which the curve is traversed once:
(a) The circle of radius 5 with center (2, 3).

(b) The ellipse centered at (1,2) with horizontal semimajor axis 3
and vertical semiminor axis 1.

(c) The upper branch of the hyperbola 3? — 2 = 4.
(d) The lower branch of the hyperbola 4y% — 2% = 1.

2. Sketch the curve traced out by each function p: R —R?:

(a) P(t) = (t,sin?)

(b) 7(t) = (cost, )

(c) P(t) = (3cost,sint)

(d) P (t) = (tcost,tsint)

(e) D (t) = (t +sint,t+ cost)

3. Sketch the curve given by the polar equation:

4. Parametrize each of the curves in R? described below:

(a) The intersection of the plane z + y + z = 1 with the cylinder
(b) The circle of radius 1, centered at (1,1,1), and lying in the plane
z+y+z=3

(¢) A curve lying on the cone z = /22 4+ y2? which rotates about the
z-axis while rising in such a way that in one rotation it rises 2
units. (Hint: Think cylindrical.)

(d) The great circle!” on the sphere of radius 1 about the origin which
goes through the points (1,0,0) and (%, %, %)

10A great circle on a sphere is a circle whose center is the center of the sphere.
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Theory problems:

5. Using the definition of the hyperbolic cosine and sine (Equation (2.19)),
prove that they satisfy the identities:

(a)

cosh?t — sinh?t = 1.

1
cosh? t = 5(1 + cosh 2t)

() .
sinh? ¢ = 5(1 — cosh 2t)

Challenge problem:

6. Using Euler’s formula
etV — ¢%(cos b+ isint)
prove the identities
cosht = % cos it

1
sinht = — sin it.
7

7. (a) A wheel of radius 1 in the plane, rotating counterclockwise with
angular velocity w; rotations per second, is attached to the end
of a stick of length 3 whose other end is fixed at the origin, and
which itself is rotating counterclockwise with angular velocity wo
rotations per second. Parametrize the motion of a point on the
rim of the wheel.

(b) A wheel of radius 1 in the plane rolls along the outer edge of the
disc of radius 3 centered at the origin. Parametrize the motion
of a point on the rim.

8. A vertical plane P through the z-axis makes an angle 6 radians with the
xz-plane counterclockwise (seen from above). The torus 7 consists of
all points in R? at distance 1 from the circle 22 + %> = 9, 2 = 0 in the
xy-plane. Parametrize the intersection P N7 of these surfaces. (Hint:
It is a circle.)
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9. Parametrize the path in space of a point on the wheel of a unicycle of
radius b which is ridden along a circular path of radius a centered at
the origin. (Hint: Note that the plane of the unicycle is vertical and
contains, at any moment, the line tangent to the path at the point of
contact with the wheel. Note also that as the wheel turns, it travels
along the path a distance given by the amount of rotation (in radians)
times the radius of the wheel.)

2.3 Calculus of Vector-Valued Functions

To apply methods of calculus to curves in R? or R? or equivalently to their
parametrizations via vector-valued functions, we must first reformulate the
basic notion of convergence, as well as differentiation and integration, in
these contexts.

Convergence of Sequences of Points

The convergence of sequences of points { p';} in R? or R? is a natural exten-
sion of the corresponding idea for numbers, or points on the line R. We will
state everything in terms of R?, but the corresponding statements and/or
proofs for R? are easy modifications of the R? versions.

Before formulating a geometric definition of convergence, we note a few
properties of the distance function on R3. The first property will allow
us to use estimates on coordinates to obtain estimates on distances, and
Vice-versa.

Lemma 2.3.1. Suppose P,Q € R? have respective (rectangular) coordinates
(z1,y1,21) and (2, Y2, 22). Let

5 := max(|Aa], | By] | 22])

(where Az = x9 — x1, etc.)
Then
§ < dist(P,Q) < 6V/3. (2.20)

Proof. On one hand, clearly each of (Ax)?, (Ay)? and (Az)? is less than or
equal to their sum (Az)? + (Ay)? + (Az)?, since all three are non-negative.
Thus

6% < dist(P, Q)?

and taking square roots,
§ < dist(P, Q).
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On the other hand,
(Az)? 4 (Ay)? + (Az)? < 6% + 6% 4 6% = 367
and taking square roots we have

dist(P, Q) < 6v/3.

In particular, we clearly have
dist(P,Q) =0 < P =Q. (2.21)

The next important property is proved by a calculation which you do in
Exercise 3.

Lemma 2.3.2 (Triangle Inequality). For any three points P,Q, R € R3,
dist(P, Q) < dist(P, R) + dist(R, Q). (2.22)

With these properties in hand, we consider the notion of convergence for
a sequence { p;} of points p; € R3. The definition is an almost verbatim
translation of the corresponding notion for sequences of numbers (i.e., of
points in R) (Calculus Deconstructed, Dfn. 2.2.2).

Definition 2.3.3. A sequence of points p; € R® converges to a point
L € R3 if for every desired accuracy ¢ > 0 there exists a place N in the
sequence such that every later point of the sequence approximates L with
accuracy e:

i > N guarantees dist(p;, L) < e.

We will write
pi— L

in this case.

An immediate corollary of the triangle inequality is the uniqueness of
limits:

Corollary 2.3.4. If a sequence {p;} converges to L and also to L', then
L=1TL"



156 CHAPTER 2. CURVES

Proof. For any € > 0, we can find integers N and N’ so that dist(p’;, L) <
for every i > N and also dist(p;, L') < ¢ for every i > N’. Pick an index i
beyond both N and N’, and estimate the distance from L to L’ as follows:
dist(L, L') < dist(L, P’;) + dist(py, L)
<e+e=2e.

But this says that dist(L, L’) is less than any positive number and hence
equals zero, so L = L’ by Equation (2.21). O

As a result of Corollary 2.3.4, if p'; — L we can refer to L as the limit
of the sequence, and write

L =lim ?Z

A sequence is convergent if it has a limit, and divergent if it has none.
The next result lets us relate convergence of points to convergence of
their coordinates.

Lemma 2.3.5. Suppose {p;} is a sequence of points in R with respective
coordinates (x;,y;,2;) and L € R3 has coordinates ({1,02,03). Then the
following are equivalent:

1. ?Z — L (z’n R3);
2. ZT; —>£1, yi—>€2, and Z —>£3 (m R}.

Proof. (1) = (2): Suppose p; — L. Given € > 0, we can find N so that
i > N guarantees dist(p;, L) < ¢. But then by Lemma 2.3.1

max(|z; — 1], |ys — L], |z — £3]) <,

showing that each of the coordinate sequences converges to the corre-
sponding coordinate of L.

(2) = (1): Suppose x; — {1, y; — o, and z; — f3. Given £ > 0, we can find

€
Ni so that ¢ > Ny guarantees |z; — 1| < —
-] <

€
Ny so that i > Ny guarantees |y; — fo| < —
bl <

3

N3 so that i > N3 guarantees |z; — (3] < —.

V3
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Let L € R? be the point with rectangular coordinates (¢1,#2,¢3). Set-
ting N = max(Ny, No, N3), we see that

i > N guarantees § := max(|z; — 1], |y; — la|, |2 — €3]) <

S

and hence by Lemma 2.3.1

i > N guarantees dist(7p;, L) < V3

so pi— L.
O

As in R, we say a sequence {p;} of points is bounded if there is a
finite upper bound on the distance of all the points in the sequence from the
origin—that is,

sup{dist(p, O)} < oo.

An easy analogue of a basic property of sequences of numbers is the following,
whose proof we leave to you (Exercise 4):

Remark 2.3.6. Every convergent sequence is bounded.

A major difference between sequences of numbers and sequences of points
in R? is that there is no natural way to compare two points: a statement like
“P < Q7 does not make sense for points in space. As a result, there is no
natural way to speak of monotone sequences, and correspondingly we cannot
think about, for example, the maximum or supremum of a (bounded) se-
quence of points. What we can do, however, is to think about the maximum
or supremum of a sequence of numbers associated to a sequence of points—
we have already seen an instance of this in the definition of boundedness for
a sequence.

One consequence of the lack of natural inequalities between points is
that we cannot translate the Completeness Axiom (Calculus Deconstructed,
Axiom 2.3.2) directly to R3. However, the Bolzano-Weierstrass Theorem
(Calculus Deconstructed, Prop. 2.3.8), which is an effective substitute for
the Completeness Axiom, can easily be extended from sequences of numbers
to sequences of points:

Proposition 2.3.7 (Bolzano-Weierstrass Theorem). Every bounded sequence
of points in R® has a convergent subsequence.
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Proof. Suppose M is an upper bound on distances from the origin:
dist(p’s, 0) < M for all 4.
In particular, by Lemma 2.3.1,
|z;| < M for all i

so the first coordinates of our points form a bounded sequence of numbers.
But then the Bolzano-Weierstrass Theorem in R says that we can pick a
convergent subsequence of these numbers, say

Ty —f1 € R.

Now, consider the (sub)sequence of points {p’;, }, and look at their second
coordinates. We have
lyi, | < M for all iy,

and hence passing to a sub-(sub)sequence, we have
Yir — ly e R.

Note that passing to a subsequence does not affect convergence of the first
coordinates:
l‘% — fl.

In a similar way, the third coordinates are bounded

< M for all i,

ZZ';C
and hence we can find a convergent sub-(sub-sub)sequence {?Zg} for which
the third coordinates converge as well:

Zilk: — £3 € R.

Since passing to subsequences has not hurt the convergence of the first and
second coordinates

zy — 0
Yiy — L2
we see that
N
Dy — L
where L € R? is the point with rectangular coordinates ({1, ¢, (3). O

In the exercises, you will check a number of features of convergence (and
divergence) which carry over from sequences of numbers to sequences of
points.
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Continuity of Vector-Valued Functions

Using the notion of convergence formulated in the previous subsection, the
notion of continuity for real-valued functions extends naturally to vector-
valued functions.

N

Definition 2.3.8. f:R—R? is continuous on D C R if for every conver-
— —

gent sequence t; — t in D the sequence of points f (t;) converges to f (t).

Every function from R to R? can be expressed as

T = (f1t), folt) , fa(1))

FTO=hOT+HOT+HEF

where fi(t), f2(t) and f3(t), the component functions of 7(t), are or-
dinary (real-valued) functions. Using Lemma 2.3.5, it is easy to connect

iy
continuity of f (t) with continuity of its components:

Remark 2.3.9. A function ?:RHR?’ is continuous on D C R precisely if
each of its components f1(t), fa(t), f3(t) is continuous on D.

A related notion, that of limits, is an equally natural generalization of
the single-variable idea:

Definition 2.3.10. ?:R—JR?’ converges to T € R? ast — tg if tg is
an accumulation point of the domain of 7(t) and for every sequence {t;} in
the domain of 7 which converges to, but is distinct from, ty, the sequence
of points p; = 7(@) converges to T.

We write

— —
f@t)— L ast—t
or

T = lim f ()

t—to

when this holds. -
Again, convergence of f relates immediately to convergence of its com-
ponents:



160 CHAPTER 2. CURVES

.
Remark 2.3.11. f:R—R3 converges to T ast — to precisely when the
— —
components of f converge to the components of L ast — tg.
—
If any of the component functions diverges ast — to, then so does f (t).

The following algebraic properties of limits are easy to check (Exercise 7):

oy - 3 .
Proposition 2.3.12. Suppose [, g:R—R° satisfy

L;=1lim f

g = lim f(t)

N

L, = lim ¢(t)
t—to

and mR—R satisfies

Derivatives of Vector-Valued Functions

When we think of a function 7: R —RR3 as describing a moving point, it is
natural to ask about its velocity, acceleration and so on. For this, we need
to extend the notion of differentiation. We shall often use the Newtonian
“dot” notation for the derivative of a vector-valued function interchangeably
with “prime”.

Definition 2.3.13. The derivative of the function ?:R—»Ri” at an inte-
rior point ty of its domain is the limit

Flto) = Fltg) = &

dt [?] - }LHE})% [7(% +h) - 7(750)

t=to

provided it exists. (If not, the function is not differentiable at t = ty.)
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Again, using Lemma 2.3.5, we connect this with differentiation of the
component functions:

Remark 2.3.14. The vector-valued function

Tt = (@(t),y(t), 2())

is differentiable at t = to precisely if all of its component functions are
differentiable at t = tg, and then

f'(to) = (&' (to) . (to) . 2’ (0))-
In particular, every differentiable vector-valued function is continuous.

When p'(t) describes a moving point, then its derivative is referred to
as the velocity of p'(t)

0 (to) = 7 (to)
and the derivative of velocity is acceleration

@ (to) = 0 (to) = P (to) -
The magnitude of the velocity is the speed, sometimes denoted
=Tl

Note the distinction between wvelocity, which has a direction (and hence is a
vector) and speed, which has no direction (and is a scalar).
For example, the point moving along the helix

D (t) = (cos 27t, sin 27t t)
has velocity
v (t) = 7(15) = (—2msin 27t, 27 cos 27t, 1)

speed

%:\/47#—1—1

dt
and acceleration
a(t) = 7(15) = (—4n? cos 27t, —4m* sin 2t 0).

The relation of derivatives to vector algebra is analogous to the situation
for real-valued functions.
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Theorem 2.3.15. Suppose the vector-valued functions ?,?:IHR?’ are
differentiable on I. Then the following are also differentiable:

Linear Combinations: for any real constants o, 3 € R, the function

—
af(t)+p89 )
is differentiable on I, and

SaTw+870) = a0+ 670).

Products: !

e The product with any differentiable real-valued function a(t) on
1 is differentiable on I:

d

a7 0] =o't

—

£ () +a®)f ().

e The dot product (resp. cross product) of two differentiable vector-
valued functions on I is differentiable on I:

% [7@) : ?(t)] =) -FH+ F)-71)
70 T0] = P10 x 70+ O x 7).

Compositions: '? If t(s) is differentiable function on J and takes values
—
in I, then the composition ( f ot)(s) is differentiable on J:

—
d 1— df dt 5 d
=[Pt = S22 = Ft(s)— [t(s)
Proof. The proofs of differentiability of linear combinations, as well as prod-
ucts or compositions with real-valued functions, are most easily done by
looking directly at the corresporic}ing coordinate expressions. For example,

to prove differentiability of «(t) f (t), write

T ) = (2(t),y(t) , 2());

M These are the product rules or Leibniz formulas for vector-valued functions of
one variable.
12This is a chain rule for curves
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then

The ordinary product rule applied to each coordinate in the last expression,
combined with Remark 2.3.14, immediately gives us the second statement.
The proof of the first statement, which is similar, is left to you (Exercise 8a).

The product rules for dot and cross products are handled more efficiently
using vector language. We will prove the product rule for the dot product
and leave the cross product version to you (Exercise 8b). In effect, we mimic
the proof of the product rule for real-valued functions. Write

Flto+h)-F(to+h)—F (to) - 7 (to)

— F(to+h)-Glto+h) — [ (to+h)- T (to)
+ flto+h)-G(to) — [ (to) - 7 (to)
7

(to+ 1) (7<to+h>—7<to>)

; <7<to ) 7<to>) G (t):

then using Proposition 2.3.12 we see that

70 50] = i [Fto 4 (L0 =T @)Y

( f (to+ h;i —7 (t0)> _ mo)]

+ lim
h—0

= T (to) - '(to) + F'(to) - F (o).

An interesting and useful corollary of this is

Corollary 2.3.16. Suppose 7:RHR3 is differentiable, and let

Then p? (t) is differentiable, and

d — o

LS 0] =27 ) ).
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_
2. p(t) is constant precisely if f(t) is always perpendicular to its deriva-

tive.

3. If p(to) # 0, then p(t) is differentiable at t = to, and p'(ty) equals the
- —
component of f'(to) in the direction of f (to):

- —

p'(to) =

f!(to) - f(to)_
Trol

(2.23)

Proof. Since p? (t) = 7(15) - 7(15), the first statement is a special case of the

Product Rule for dot products.

To see the second statement, note that p(t) is constant precisely if p? (t)
is constant, and this occurs precisely if the right-hand product in the first

statement is zero.

Finally, the third statement follows from the Chain Rule applied to

where

-
is the unit vector in the direction of f (to).

Integration of Vector-Valued Functions

Integration also extends to vector-valued functions componentwise. Given
—
f:[a,b]—R3 and a partition P = {a =tg < t; < --- < t, = b} of [a,b], we
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N
can’t form upper or lower sums, since the “sup” and “inf” of f (t) over I;
don’t make sense. However we can form (vector-valued) Riemann sums

RP, T At =3 F () &ty
j=1

and ask what happens to these Riemann sums for a sequence of partitions
whose mesh size goes to zero. If all such sequences have a common (vector)

limit, we call it the definite integral of ?(t) over [a,b]. It is natural (and
straightforward to verify, using Lemma 2.3.5) that this happens precisely if
each of the component functions f;(t), i = 1,2, 3 is integrable over [a, b], and

- /ab7(t) dt = </b fi(t) dt, /ab Fo(t) i, /ab R0 dt) |

A direct consequence of this and the Fundamental Theorem of Calculus
is that the integral of (vector) velocity is the net (vector) displacement:

Lemma 2.3.17. If v'(t) = ?(t) is continuous on [a,b], then

b
[ T =50 - P,

The proof of this is outlined in Exercise 10.

In Appendix C, we discuss the way in which the calculus of vector-
valued functions can be used to reproduce Newton’s derivation of the Law
of Universal Gravitation from Kepler’s Laws of Planetary Motion.

Exercises for § 2.3

Practice problems:

1. For each sequence { ', } below, find the limit, or show that none exists.

(a) (%nj—l)

(b) (cos(%), sin(

nmw
n+1

)

(©) (sin(), cos(n))
(@) (¢ n")

n n 2n
(e) ; ,
n+12n+1' n+1
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n n n?
() T
n+1 n"+1" n+1

(g) (sin nr , COS nr ,tan nr )
n+1 n+1 n+1

1 1 1
(h) (=lnn, ——,—Inyn2+1)

n VnZ+1'n
. x
(1) (‘Tlaylwzl) = (17070)7 ($n+17yn+172’n+1) = (ynaznul - Fn)
. 1 1 1
(J) ($1=y172’1) = (17273)7 (xn—i-lyyn-i-hzn—i-l) = (xn + §ynayn+ §Zn7§2:n)
2. An accumulation point of a sequence {p’;} of points is any limit
point of any subsequence. Find all the accumulation points of each

sequence below.
1 (—=1)"n
(a) <ﬁ’ n+1 >
(b) <nilcosn,nilsinn>
n (—=1)"n 2n
_1)"
(c) <n+1’ o1 Y n—|—1>
2
(d) n COSE,—TL sinﬁ,—n
n+1 2 ' n+1 2 ' n+1

Theory problems:

3. Prove the triangle inequality

dist(P, Q) < dist(P, R) + dist(R, Q)

(a) in R?;
(b) in R3.

(Hint: Replace each distance with its definition. Square both sides of
the inequality and expand, cancelling terms that appear on both sides,
and then rearrange so that the single square root is on on one side;
then square again and move all terms to the same side of the equals
sign (with zero on the other). Why is the given quantity non-negative?
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You may find it useful to introduce some notation for differences of
coordinates, for example

Al’l = X2 — I

Azxy = x3 — T2;
note that then

Axq1 + Axy = x3 — T71.

)

4. Show that if P’; — L in R3, then {p;} is bounded.

5. Suppose { i} is a sequence of points in R? for which the distances
between consecutive points form a convergent series:

oo
Z dist(?i, ?H—l) < Q.
0

(a) Show that the sequence {p;} is bounded. (Hint: Use the triangle
inequality)

(b) Show that the sequence is Cauchy—that is, for every ¢ > 0 there
exists N so that i,7 > N guarantees dist(p;, p;) < e. (Hint:
see (Calculus Deconstructed, Exercise 2.5.9))

(¢) Show that the sequence is convergent.

6. This problem concerns some properties of accumulation points (Exer-
cise 2).

(a) Show that a sequence with at least two distinct accumulation
points diverges.

(b) Show that a bounded sequence has at least one accumulation
point.

(¢) Give an example of a sequence with no accumulation points.

(d) Show that a bounded sequence with ezactly one accumulation
point converges to that point.

7. Prove Proposition 2.3.12.

8. Prove the following parts of Theorem 2.3.15:
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~—

(a) & [aF(t)+87®)] =af)+57(
) & [F&) x g0 =Ft)x @+ F 1) x (1)

9. Prove that the moment of velocity about the origin is constant if and
only if the acceleration is radial (i.e., parallel to the position vector).

10. Prove Lemma 2.3.17. (Hint: Look at each component separately.)
Challenge problem:

11. (David Bressoud) A missile travelling at constant speed is homing in on
a target at the origin. Due to an error in its circuitry, it is consistently
misdirected by a constant angle . Find its path. Show that if |a| < §
then it will eventually hit its target, taking ﬁ times as long as if it
were correctly aimed.

2.4 Regular Curves

What, exactly, is a “curve”?

In § 2.2 we saw two ways to answer this question: a static one, sum-
marized by describing a curve in the plane as the locus of an equation, and
a kinetic one, describing a curve as the image of a vector-valued function,
visualized as the path of a moving point. We noted that the static approach
can become unwieldy when we try to apply it to curves in space—these are
more fruitfully approached kinematically. As we shall see, the kinematic
formulation of curves in the plane as well as in space is a more natural set-
ting for applying calculus to curves. However, there is a difference between
a motion and a path; in particular, a given path can be traced out by many
different motions. So part of our mission here is to understand which prop-
erties of a vector-valued function encode geometric properties of the path
it traces out, which are themselves independent of the function we use to
describe it.

This section is a bit philosophical and a bit technical: we seek to come
up with a clearer idea of what we mean by a curve, based on the kinematic
notion of a parametrization. At the same time, we will try to understand
which vector-valued functions should qualify as parametrizations. We have
left more than the usual number of proofs, which can be quite technical,
to the exercises; at first reading, these can be skipped in order to get the
overall thrust of the theory here.
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Consider, for example, the vector-valued function p: R —R? defined by

T = cost

Yy = cost

which is to say p(t) = (cost,cost). As t increases from t = 0 to t = ,
this function traces out the line segment from (1,1) to (—1,—1). Once ¢
exceeds m, the motion traces back across this segment, so in a sense the
motion becomes redundant.

Arcs

We would like, ideally, to have a parametrization of a curve C which traces it
out only once—that is, we want each point of the line segment to correspond
to a single parameter value. A (vector-valued) function is one-to-one'? if
distinct inputs yield distinct outputs:

t# =Pl A7 ().

A real-valued continuous function f(t), defined on an interval I, is one-
to-one precisely if it is strictly monotone on I.'* Note however, that the
component functions of a vector-valued function need not be monotone: for
a given pair t # t' of parameter values, the corresponding function values
are distinct wvectors if at least one of the component functions disagrees
at the two values—the others can agree there. For example, neither the
cosine nor the sine is one-to-one on the interval [0, 37“], but for any pair of
distinct angles in this interval, at least one of them is different, and so the
vector-valued function p’(t) = (cost,sint) gives a one-to-one vector-valued
function on the interval [0, 37”]

As we shall see, not every curve can be parametrized by a one-to-one
vector-valued function, but those that can are the “simplest” curves, which
we shall call arcs:

Definition 2.4.1. A (continuous) arc is the image
C={P)|terl}

of a continuous one-to-one vector-valued function p on a closed interval
I= [t())tl]'

13 A synonym for one-to-one, derived from the French literature, is injective.
This is a consequence of the Intermediate Value Theorem: Exercise 6.
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Any continuous, one-to-one vector-valued function whose image is the
arc C is a parametrization of C.
An easy example of an arc is the graph of a function (Exercise 2):

Remark 2.4.2. If f(z) is a continuous (real-valued) function on a closed
interval I, then its graph—the locus of the equation y = f(x), x € I—is an
arc in the plane.

We can picture an arc C as a “bent” (and/or “twisted”) copy of the
interval I over which it is parametrized. Any particular parametrization
P of C can be thought of as a coordinate system on C, which locates a
particular point P by giving the corresponding parameter value ¢t € I (i.e.,
P = P (t)). This coordinate system is continuous, in two senses. First, the
continuity of P guarantees that a convergent sequence of coordinates t; € I
yields a convergent sequence of points p'(t;) € C. However, for an arc the
converse also holds (Exercise 3):

Remark 2.4.3. If a sequence of points on an arc converges, then the corre-
sponding parameter values converge (to the parameter value giving the limit
point).

A consequence of this (Exercise 7) is that any two parametrizations P’ (t),
t € I and ¢ (s), s € J of the same arc C differ by a substitution: that is,
the equation

7)) ="q(s)
can be solved for ¢ in terms of s:
t=1t(s)

As an example, we compare the two parametrizations we had of the
upper semicircle of radius 1 centered at the origin in the plane

22+t =1, y>o0.
One parametrization came from the fact that this is the graph of a function

y=v1—-22, —-1<z<1

or
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while the other came from polar coordinates

x = cosf

y = sin
with 0 < 0 <, or
¢ (0) = (cosf,sinf), 6¢c[0,7].

In this case, the first equation in the definition of ¢ already gives us t(s),
when s=60 and t = x

t(f) = cos

(which is strictly decreasing on [0, 71]), while interchanging the role of p and
— .
q gives

t(z) = arccos .

We will refer to the switch from one parametrization of an arc C to an-
other as a reparametrization of the arc C, and to the function t(s) as the
reparametrization function associated to the reparametrization.

Notice that a parametrization of an arc C determines C as a set of
points, but it also determines a direction along C. For example, the first
parametrization of the semicircle has points moving clockwise (as x in-
creases) while the second has them moving counterclockwise (as 6 increases).
The fact that these two parametrizations lead to opposite directions is re-
flected in the fact that the reparametrization function t is decreasing: as
s increases, t = t(s) decreases. We refer to this as a direction-reversing
reparametrization. When t is increasing, the reparametrization is direction-
preserving. A direction-preserving reparametrization results in a motion
which is speeded up or slowed down relative to the original parametrization.

Regular Curves

As noted earlier, not every curve can be parametrized by a continuous,
one-to-one vector-valued function on a closed interval. For example, any
traversal of the circle 22 + % = 1 in the plane must eventually come back
to its starting position: to avoid hitting the same point twice (and so con-
tradicting the one-to-one condition) we need to stop before reaching it, but
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stopping short of it means we haven’t filled out the whole circle:'> our only
choice is to stop ezactly when we reach the starting point, but excluding
it, which means our domain is a half-open interval. So we need to give up
at least one of the two conditions defining an arc: either we must stop ex-
pecting the parametrization to be one-to-one, or we must stop expecting to
define it on a closed interval.

In fact, we will abandon both requirements, but at the same time by
introducing derivatives into the picture, we will salvage some features of the
definition of an arc.

So far, we have only required that our vector-valued function be contin-
uous, but certainly if we want to use calculus we need some differentiabil-
ity as well. We will say that a vector-valued function p is continuously
differentiable if each coordinate function has a continuous derivative, or
equivalently, if the velocity v’ (t) = p”(t) exists for each parameter value t
and defines a continuous vector-valued function.

While we can’t expect a parametrization to be one-to-one, we also want
to avoid the “backtracking” behavior we saw in the example at the start of
the section: we want, intuitively, to continue tracing a curve in the same
direction. Now, if we are moving along a one-dimensional object and sud-
denly want to reverse direction, then (if the velocity is continuous) we must
stop, at least momentarily: the velocity can only reverse direction by passing
through the zero vector. Thus, if we assume that the speed || v’ (¢)|| is never
zero (or equivalently, that v’ (¢) # 0 for all t) then we avoid backtracking:
we take this as a definition.

Definition 2.4.4. A vector-valued function P is regular if it is contin-
wously differentiable, and its speed is always positive—or equivalently its
velocity is never the zero vector.

A regular curve is the image

C={P@)|tel}

of a reqular vector-valued function P on an interval I; P is a parametriza-
tion of C.

The lack of backtracking by the parametrization of a regular curve is
encoded in the following observation (Exercise 4):

'5In other words, the corresponding vector-valued function does not map its domain
onto the whole circle; in the corresponding French-inspred terminology, the function is
not surjective.
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Remark 2.4.5. If P is a reqular vector-valued function on the interval I,
then it is locally one-to-one: for eacht € I, there is some positive distance
e > 0 such that any two distinct parameter values t1 # to € I, both with
It —t|| < e (i=1,2), yield distinct points of C(p (t1) # P (t2)).

This says that a regular curve C is made up of arcs, in the sense that
every point of C is contained in some arc which is, in turn, contained in C.
It can be shown (Exercise 8) that a regular curve can always be partitioned
into arcs that abut at their endpoints.

Tangent Lines

Recall that the line tangent at a point P to the graph of a differentiable
function f(z) is defined geometrically as the limiting position of the secant
line—the line through P = (zo, f(z9)) and a nearby point P’ = (xo +
Az, f(xo + Ax))—as P’ goes to P. We note that differentiability of a vector-
valued function does not guarantee that its image has a tangent line in
this sense: for example, the graph of f(z) = |z|, which has a “corner”
at z = 0, is the image of the vector-valued function p'(t) = (t3,¢2t]),
which is continuously differentiable at ¢ = 0. However, when the velocity is
nonvanishing we avoid this phenomenon.

Although the “limiting position” of a line in the plane can be described
in terms of its slope, for a curve in space we need to make a vector formu-
lation: a direction in space can be specified by any nonzero vector, but to
standardize matters we adopt the convention that it is specified by a unit
vector . Given two points P = p(tg) and P’ = P (tg + At), the unit
vector pointing from P to P’ (which gives the direction of the secant line
PP’ is

— I =5
u(t) = —=PP
‘@P

or
_ P+t - F(t)
17 (to + At) — P (to)]

Then we can define the unit tangent vector to C at P = p'(ty) as the
one-sided limit!

(t)

T(P(to) = lim (). (2.24)

16 As we see (Exercise 5b), the limit from the other side is the negative of this one.
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A reasonably easy calculation (Exercise 5a) shows that this limit exists and
is given by

T(F (to)) = 1Hmm. (2.25)

17" (to)
This definition is in terms of a specific parametrization of C. When C is a
regular arc (that is, the parametrization is one-to-one on a closed interval),
then we can use the fact that, given two parametrizations p’(t) and ¢ (s)
of C, W (t) can be described using either parametrization, and these descrip-
tions are related by the reparametrization function t, to show (Exercise 9)

Proposition 2.4.6. If p'(t) and ¢ (s) are both reqular parametrizations of
the arc C, with reparametrization function t = t(s), then t is differentiable,
and the unit tangent vector at each point of C as calculated from P and ¢
is the same up to a scalar factor of £1. More precisely:

1. If the reparametrization is direction-preserving, then

T(p(to) =T (q(s0)) (2.26)
i dt_ |q'(s)]

/ . g (s

RAF IO (227
while

2. If the reparametrization is direction-reversing, then

T(p(t)=—-T(q(s0)) (2.28)
e dt 17" ()l

/ . _ q s

=% = el (229

In view of Proposition 2.4.6, the tangent line at any point of an arc C
can be defined as the line through the point with direction vector the unit
—
tangent 7', calculated from any regular parametrization.

We note that the tangent line can be calculated from any regular parametriza-

tion of C by using the velocity vector in place of the unit tangent vector as
a direction vector: that is, if ?(t) is a regular vector-valued function, then
the tangent line at p’(tg) is the line with parametric equation

(1) =TPlto) +t- P (to). (2.30)
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If we examine the component functions of this parametrization

x(to) + ta’ (to)
o(t) = y(to) + ty' (to)

z(to) +t2' (to)
we note that each is a polynomial of degree one whose slope is the derivative
of the corresponding component of () and whose value at t = 0 agrees
with the value of the appropriate component of P’ () at t = to. We can shift
our parameter along the line to put it “in sync” with P'(), so that it also
hits the point p'(¢y) at time ¢ = tg, by replacing ¢ in the formulas above

with ¢t — tg. We then see that the shifted coordinate functions agree with
the first-order Taylor polynomials for the components of p'(t) at ¢t = to:

0y (t —to) = x(to) + 2’ (to) (t — to) = Ty, x(t)
Uy (t — to) = y(to) + 4 (to) (t — to) = Ty, y(t)
l3(t —to) = 2(to) + 2’ (to) (t — to) = Ty, 2(t)

and so we can use the notation for the parametrization above
—
C(t—to) =T, B (1)

In kinematic terms, this represents how a point moving according to p (t) for
t < to would move for t > ty (according to Newton’s First Law of Motion)
if any forces (which kept the point moving as described for ¢ < tg) were
“turned off 7at ¢t = ;.

As an example, consider the helix, which is an arc,

D (t) = (cos 27t, sin 27t t)
with velocity
T(t) = P (t) = (—2m sin 2t, 2 cos 2nrt, 1)

and speed

@: VAar? + 1.

dt

Let us find the unit tangent vector and tangent line at P(1,0,1) = p'(1):
the velocity vector is

(1) == (0,27, 1)
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and the unit tangent vector is

— 1

T(P) = =y )

B < —27 0 1 > .
VA2 +1 VA2 +1)
the tangent line has parametrization

L) =70 +71) -1

_9 1
:(1,0,1)+< o, >(t—1)
Var? + 1 Var? +1

. 2m(t-1)
Tiz(t) =1 Wir=wi
Tyy(t) =0
Tyz(t) =1+ (1)

VaAr? 1

The “kinematic” parametrization Ttof(t) of the tangent line which we
get by putting the tangent motion “in sync” with the motion given by the
parametrization of our curve displays an important property, analogous to
one enjoyed by the Taylor polynomial of degree one for a real-valued function
f(z). Recall that T, f = f(xo) + f'(w0) (x — 20) is the unique polynomial
of degree one which has first-order contact with the graph y = f(x) at
the point (zq, f(x0)):

|f(@) = Ty, f ()] = o(|z — o)
which is to say

|z — x|

— 0 as x — xg.

In particular, this applies to each of the component functions of our parametriza-
tion, and from this it is easy to see that in fact the vector-valued function
T,, P (t) has first-order contact with p'(t) at ¢ = to:

|7 (t) - T, P (1)
[t — tol

—0ast—ty
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or, in “little oh” notation,

|7°(t) = T, ' (1)]| = o(It — tol)-

This approximation property of the derivative is the key to its usefulness in
analyzing curves and functions.

While a regular arc has a well-defined tangent line at each point,'” a
regular curve can have several different tangent lines at points where it
crosses itself: for example in a figure-eight or the “rose” in § 2.2.

There is a second ambiguity that can arise as a result of self-crossings. If
we get away momentarily from regular parametrizations and consider only
continuous, locally one-to-one parametrizations of a curve, then two different
parametrizations might no longer be related by a continuous reparametriza-
tion function. For example, the parametrization of the “rose” in § 2.2 given
by the polar equation r = cos 26 goes around the “petals” in a certain order
and direction; it is easy geometrically (and a little harder analytically) to
imagine other parametrizations in which the arcs are gone around in a dif-
ferent order and/or in different directions, for example the parametrization
sketched in Figure 2.25, in which the directions are the same, but the order
of traversal is changed (think of the rose as a circle, for which the four points
on the axes have been “pinched” into the origin). The point set is the same,
but the traversal is radically different.

The “pinched circle” traversal cannot be achieved by a regular parametriza-
tion, because it ignores the two tangent lines (the coordinate axes) as it goes
through the origin. However, using the numbering in Figure 2.25, it is easy
to see that the petal numbered i (traversed counterclockwise) can be fol-
lowed, in a regular parametrization, by either iv traversed counterclockwise
(as it is in the standard parametrization given by r = sin26), or by iii
traversed clockwise, and similarly #i (counterclockwise) can be followed by
either i (counterclockwise) or iv (clockwise). In all of these cases, the new
parametrization changes the important property we have of deciding which
points are “between” certain others. Thus, in dealing with general regular
curves, we need to tie a general curve C, regarded as a point set, to a limited
class of possible parametrizations: we take the existence of a reparametriza-
tion function t as a definition.

Definition 2.4.7. Given a curve C parametrized by the regular function p,
a reparametrization is a vector-valued function ¢ which can be expressed

" The one-sided limit defining the unit tangent vector at the ending point of an arc
is not well defined, but we can use a direction-reversing reparametrization to define its
negative.



178 CHAPTER 2. CURVES

Figure 2.25: Four-petal Rose as a Pinched Circle

in terms of p (t) as
q(s) =P (ts))

where t(s) is a continuously differentiable function from the domain of q
onto that of p. We say the reparametrization is direction-preserving
(resp. direction-reversing) if t is an increasing (resp. decreasing) func-
tion.

We shall refer to C as a parametrized curve when it is associated
with a given parametrization (or a given family of possible parametrizations
related as above).

Note that the function v(¢) = (a +b) — ¢ is a strictly decreasing function
from [a,b] to itself that interchanges the endpoints; composing this with
a parametrization p of a curve with domain [a,b] is a direction-reversing
reparametrization.

In Appendix D, we explore further the way that the calculus of vector-
valued functions gives a way to study and classify curves in the plane and
in space.

Exercises for § 2.4
Practice problems:

1. For each pair of vector-valued functions p’(t) and ¢ (t) below, find a
recalibration function t(s) so that ¢ (s)=7 (t(s)) and another so that

P (s)="7q(t(s)):
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(a)

t)=(tt —1<t<l1
(t) = (cost,cost) 0<t<m

=] 3|

D)= (te') —oo<t<oo
G ()= (Int,t) 0<t< oo

D (t) = (cost,sint) —oo<t< o0
G (t) = (sint,cost) —oo<t<o0

<t<

D (t) = (cost,sint,sin2t) —
-
q

)= (V11— t,t/4—42) —1<

-« N3

<1
Theory problems:

2. Prove Remark 2.4.2. (Hint: Use the input to the function as the
parameter.)

3. (a) Suppose p:I—R?is a continuous, one-to-one vector-valued func-
tion on the closed interval I = [a,b] with image the arc C, and
suppose p (t;) — P (to) € C. Show that t; — to in I, thus prov-
ing Remark 2.4.3. (Hint: Show that the sequence ¢; must have at
lest one accumulation point t, in I, and that for every such ac-
cumulation point t,, we must have P’ (t,) = P (tg). Then use the
fact that P is one-to-one to conclude that the only accumulation
point of ¢; is t, = t3. But a bounded sequence with exactly one
accumulation point must converge to that point.)

(b) Show that this property fails for the parametrization of the circle
by 7' (0) = (cos,sinf), 0 < § < 2.

4. Prove Remark 2.4.5. (Hint: If p'(t) # 6}, then some coordinate is
strictly increasing on a nontrivial interval containing ¢, and this guar-
antees that P’ is one-to-one on that interval.)
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5. (a) Show that if P is a regular vector-valued function, the limit in
Equation (2.24) exists and is given by Equation (2.25). (Hint:
Write

_ D (to + At) — P (to)
17 (to + &) — D (to) |
_ D (to + At — 7 (to) /H P (to + At -7 )]

(to—i—At—pto /H to—l—At—p(to)

.
)

(b) Show that

lim W (t)=— lim (t).
At—0— At—07F

Challenge problems:

6. Suppose f:R—R is continuous on R. Show:

(a) f is one-to-one if and only if it is strictly monotone.

(Hint: One direction is trivial. For the other direction, use the
Intermediate Value Theorem: what does it mean to not be mono-
tone?)

(b) If f is locally one-to-one, then it is globally one-to-one.

(¢) Give an example of a function f(z) which is one-to-one on [—1, 1]

but is not strictly monotone on [—1,1].

7. Suppose P (t), t € I and ¢ (s), s € J are both continuous, one-to-one
vector-valued functions parametrizing the same arc C. Show:

(a) For each s € J, the equation
P(t)="q(s)

has a unique solution t = t(s), and so defines a function t J — I;

(b) The function t is continuous and strictly monotone. (Hint: Use
Exercise 3 for continuity, and show that the function t is one-to-
one.)
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8. Suppose P (t), t € I is a regular vector-valued function defined on the
interval I. In this exercise, we show that I can be partitioned into
closed intervals on each of which P is one-to-one.

First we show that if I = [a,b] is a closed interval then there exist
finitely many points

a=ty<ti1 <---<t,=0b

such that the restriction of P’ to each of the intervals [ti—1,t;] is one-
to-one:

(a) Assume that p isn’t already one-to-one. Then for each t € I
there exists e(t) > 0 such that p is one-to-one on the interval
(t—e(t),t+e(t)). Show that if we pick £(¢) to be the largest
such value, then there exist ¢ # t” € I with |t —¢/| < ¢(¢) and
|t —t"| < e(t) ( with at least one equality) such that p () =
— 1
p(t")).

(b) Now consider ¢ = infycre(t). If € > 0 then Show that any parti-
tion for which |t; — ¢;—1| < & for each i will work.

(c) Prove by contradiction that € > 0: if not, there exist pairs ¢, # ¢/
. 1 — e .

with [t; —t]] < = P (t;) = P(t]). By going to a subsequence,

assume t, — to. Show that also t — t;. But then P is not

locally one-to-one at t.

(d) Now, let I be any interval (open, closed, or half-open). Show
that there is a bisequence of points t;, ¢ € Z such that ¢;,_1 < t;
and P is one-to-one on [t;_1,t;] (Hint: By the preceding, we can
partition any closed bounded subinterval of I into finitely many
arcs. Use this to show that all of I can be partitioned into a
possibly infinite collection of abutting arcs.)

9. Prove Proposition 2.4.6 as follows:

(a) If the reparametrization is direction-preserving, then Equation (2.26)
follows from the fact that if s; — sar then

ti = t(s;) — t(so) = tg.
(b) In the direction-reversing case, s; — s3 yields
ti = t(SZ’) — f(S()) = tO_

and this in combination with Exercise 5b gives Equation (2.28).
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(c) To prove Equation (2.27) and Equation (2.29), it is enough to
show that t is differentiable. To this end, show that if the ve-
locity is nonzero, then at least one of the coordinates of p has
a nonvanishing derivative near p (¢y), and hence has a differen-
tiable inverse; then express t as a composition of differentiable
functions. The required formulas then follow from the Chain
Rule.

History note:

10. Bolzano’s curve: A version of the following was constructed by Bern-
hard Bolzano (1781-1848) in the 1830’s; a fuller study is given in (Cal-
culus Deconstructed, §4.11).

(a) Start with the following: suppose we have an affine function f,
defined over the interval [a,b], with f(a) = ¢ and f(b) = d; thus
its graph is the straight line segment from (a,c) to (b,d). Con-
struct a new, piecewise-affine function f by keeping the endpoint
values, but interchanging the values at the points one-third and
two-thirds of the way across (see Figure 2.26).

(a,d) (b, d)

(a,c) (b, c)

Figure 2.26: The basic construction

Thus, originally

where




2.4. REGULAR CURVES 183

and in particular

fla)=c
Flar) = 2a3+b _ 20;—(1
Flag) = a4:;2b _ C—g2d
f(b) =d.
Now, f is defined by
fla)=c
fla)=c
f(a1) ey = c—;2d
f(ag) ey = 2c;—d
fo)=4d

and f is affine on each of the intervals Iy = [a,a1], I = [al,_ag],
and I3 = [a,b]. Show that the slopes m; of the graph of f on
I; satisfy
mi; = ms = 2m
mo = —m.

Now, we construct a sequence of functions f; on [0,1] via the
recursive definition

fo=1id
Srs1 = Jr-
Show that
9\ FH1
@)~ fen@) < (3) 1)

for all z € [0,1]. This implies that for each x € [0, 1],

f(x) :=lim fi(x)

is well-defined for each z € [0,1]. We shall accept without proof
the fact that Equation (2.31) (which implies a property called
uniform convergence) also guarantees that f is continuous on
[0,1]. Thus its graph is a continuous curve—in fact, it is an arc.
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(c) Show that if z( is a triadic rational (that is, it has the form
xg = 37 for some j) then fri1(z0) = fr(zo) for k sufficiently
large, and hence this is the value f(z¢). In particular, show that
f has a local extremum at each triadic rational. (Hint: z( is a
local extremum for all fi once k is sufficiently large; furthermore,
once this happens, the sign of the slope on either side does not

change, and its absolute value is increasing with k. )

This shows that f has infinitely many local extrema—in fact, between
any two points of [0, 1] there is a local maximum (and a local mini-
mum); in other words, the curve has infinitely many “corners”. It can
be shown (see (Calculus Deconstructed, §4.11)) that the function f,
while it is continuous on [0, 1], is not differentiable at any point of the
interval. In Exercise 5 in § 2.5, we will also see that this curve has

infinite “length”.

2.5 Integration along Curves

Arclength

How long is a curve? While it is clear that the length of a straight line seg-
ment is the distance between its endpoints, a rigorous notion of the “length”
for more general curves is not so easy to formulate. We will formulate a ge-
ometric notion of length for arcs, essentially a modernization of the method
used by Archimedes of Syracuse (ca. 287-212 BC) to measure the circumfer-
ence of a circle. Archimedes realized that the length of an inscribed (resp.
circumscribed) polygon is a natural lower (resp. upper) bound on the cir-
cumference, and also that by using polygons with many sides, the difference
between these two bounds could be made as small as possible. Via a proof
by contradiction he proved in [2] that the area of a circle is the same as
that of a triangle whose base equals the circumference and whose height
equals the radius. By using regular polygons with 96 sides, he was able to
establish that 7, defined as the ratio of the circumference to the diameter, is
between % and % Archimedes didn’t worry about whether the length of
the circumference makes sense; this was taken to be self-evident. His argu-
ment about the lengths of polygons providing bounds for the circumference
was based on a set of axioms concerning convexr curves; this was needed
most for the use of the circumscribed polygons as an upper bound. The fact
that inscribed polygons give a lower bound follows from the much simpler
assumption, which we take as self-evident, that the shortest curve between
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two points is a straight line segment.
Suppose that C is an arc parametrized by p:R—R3 and let P = {a =
to < t1 < --- <ty =b} be a partition of the domain of 7. The sum

(P, 7)=>_IPt)— Pt
j=1

is the sum of the straight-line distances between successive points along C.
It is clear that any reasonable notion of the “length” of C at least equals
¢ (P, D). We would also think intuitively that a partition with small mesh
size should give a good approximation to the “true” length of C. We there-
fore say C is rectifiable if the values of ¢ (P, p’) among all partitions are
bounded, and then we define the arclength of C to be

5(C) ZS%M(P, 7).

Not every curve is rectifiable. Two examples of non-rectifiable curves
are the the graph of Bolzano’s nowhere-differentiable function, constructed
in Exercise 10 in § 2.4 (see Exercise 5) and the graph of y = xsin% (see
Exercise 4). In such cases, there exist partitions P for which £ (P, p) is
arbitrarily high.

We need to show that the arclength s (C) does not depend on the parametriza-
tion we use to construct C. Suppose 7, ?: R —RR3 are two one-to-one con-
tinuous functions with the same image C. As noted in § 2.4, we can find a
strictly monotone recalibration function t(s) from the domain of ¢ to the

domain of P so that
P (H(s) ="q(s)

for all parameter values of . If P is a partition of the domain of 7', then
there is a unique sequence of parameter values for ¢ defined by

t(sj) = t;;

this sequence is either strictly increasing (if t(s) 1) or strictly decreasing (if
t(s) {); renumbering if necessary in the latter case, we see that the s; form
a partition P, of the domain of ¢, with the same succession as the tj; in
particular,

((Ps,q) =L(P,P)

and so the supremum of £ (P, ¢’) over all partitions P’ of the domain of ¢’
is at least the same as that over partitions of the domain of 7’. Reversing the
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roles of the two parametrizations, we see that the two suprema are actually
the same.

This formulation of arclength has the advantage of being clearly based
on the geometry of the curve, rather than the parametrization we use to
construct it. However, as a tool for computing the arclength, it is as useful
(or useless) as the definition of the definite integral via Riemann sums is
for calculating definite integrals. Fortunately, for regular curves, we can use
definite integrals to calculate arclength.

Theorem 2.5.1. Every reqular arc is rectifiable, and if p’: [a,b] —R3 is a
reqular one-to-one function with image C, then

5(6):/:

This can be understood as saying that the length of a reqular curve
is the integral of its speed, which agrees with our understanding (for real-
valued functions representing motion along an axis) that the integral of
speed is the total distance traveled. If we consider the function s (t) giving
the arclength (or distance travelled) between the starting point and the point
D (t), then our notation for the speed is naturally suggested by applying the
Fundamental Theorem of Calculus to the formula above

“jf(t)” dt.

a1y = %/ )| o
]
G =70l

Before proving Theorem 2.5.1, we establish a technical estimate.

Lemma 2.5.2. Suppose p: [a,b] —R? is a regular, one-to-one function and
that P ={a =ty < t; < --- < t, = b} is a partition of |a,b] such that the
speed varies by less than 6 > 0 over each component interval I;:

5o - [

< 0 whenever tj_1 < t,t' < tj.

Then

r

]?(t)H dt — (P, )| < 36(b — a).
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Proof. For the moment, let us fix a component interval I; = [t;_1,t;] of
P. Applying the Mean Value Theorem to each of the component functions,
there exist parameter values s;, ¢ = 1,2, 3 such that

z(ty) — x(tj—1) = @(s1)9;
y(t;) —y(tj—1) = 9(s2)0;
z(tj) — 2(tj—1) = 2(s3)d;.

Then the vector
0 = (d(s1),9(s2), 2(s3))
satisfies
P(t) =P (tj1) = V0,
and hence
1P (t5) — P (t-0)ll = 7511 65
But also, for any t € I},

|76 =T < l#0) = sl +19(8) = i(s2)] + 2(0) = 2(s9)]
<30

Now, an easy application of the Triangle Inequality says that the lengths of
two vectors differ by at most the length of their difference; using the above
this gives us

(Hﬁ(t)” . \|7j||( < 30 for all £ € I;.

Picking 7]-, j=1,...,n as above, we get
[ [70]a-com|=3 (/I B dt) N
a j= j
<3 [ |[Fo] - 1w
j=1"1i
< 35i5j
j=1

=30(b — a).
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O

Proof of Theorem 2.5.1. We will use the fact that since the speed is contin-
uous on the closed interval [a,b], it is uniformly continuous, which means
that given any § > 0, we can find p > 0 so that it varies by at most ¢ over
any subinterval of [a,b] of length p or less. Put differently, this says that
the hypotheses of Lemma 2.5.2 are satisfied by any partition of mesh size
woor less. We will also use the easy observation that refining the partition
raises (or at least does not lower) the “length estimate” £ (P, p’) associated
to the partition.

Suppose now that Py is a sequence of partitions of [a, b] for which ¢ =
0 (Py, ) 15 (C) (which, a priori may be infinite). Without loss of generality,
we can assume (refining each partition if necessary) that the mesh size of
Pr. goes to zero monotonically. Given € > 0, we set

€

0= 3(b—a)
and find g > 0 such that every partition with mesh size pu or less satisfies
the hypotheses of Lemma 2.5.2; eventually, Py satisfies mesh(Px) < p, so

’

This shows first that the numbers ¢, converge to ff H?(t)” dt—but by

assumption, lim ¢ = s (C), so we are done.

)| a —Z(Pk,?)' <35(b—a) =c.

The content of Theorem 2.5.1 is encoded in a notational device: given a
regular parametrization p’: R —R3 of the curve C, we define the differential
of arclength, denoted ds, to be the formal expression

ds := H?(t) ] dt = /Z(0)2 + §(t)2 + ()2 dt.

This may seem a bit mysterious at first, but we will find it very useful; using
this, the content of Theorem 2.5.1 can be written

5(C)z/ab ds.

As an example, let us use this formalism to find the length of the helix
parametrized by
x(t) = cos 2t
y(t) = sin 27t
z(t) =t
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or
D (t) = (cos2mt,sin2wt, t) 0<t<2:
we have
#(t) = —2msin 27t
y(t) = 2w cos 27t
At) =1
SO
ds = \/(&(t))? + (§(1))? + (2(1))? dt
= /(=27 sin 27t)2 + (27 cos 2mt)2+)(1)2
= V4r? 4+ 1dt
and
2
s(C) = / ds
0
2
= / Var? 4+ 1dt
0
=2V 4m?2 + 1.

The arclength of the parabola

:x2

<

between (0,0) and (3, 1) can be calculated using x as a parameter

P(r)=(z,2%) 0<t<1

with
ds = \/1+ (2x)2 du
= \/m dzx.
Thus

1

s(C):/O2 V 1+ 422 de
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which is best done using the trigonometric substitution

2x = tand
2dx = sec® 0 db

1
dr = 3 sec? 6 do

V14422 =sech

r=0<60=0
1 0 T
€Tr = — < = —
2 4

and

2 w/4
/ \/1+4x2dx:/ (
0 0
w/4
= / L sec® 0 db
0 2

1
sec 0)(5 sec? 6 df)

integration by parts (or cheating and looking it up in a table) yields
w/4

/4 1/1 1
/ —sec®0df = = | =secOtan® + — In|secd + tan 6|
0 2 2 \2 2 .

= i(\/ﬂ In(1 +v2).

As another example, let us use this formalism to compute the circum-
ference of a circle. The circle is not an arc, but the domain of the standard
parametrization

D (t) = (cost,sint) 0<t<2r
can be partitioned via
P ={0,7, 27}

into two semicircles, C;, ¢ = 1,2 which meet only at the endpoints; it is
natural then to say

E(C) 25(61) —|-5(Cg).
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We can calculate that

#(t) = —sint
y(t) = cost
S0
ds = \/(—sint)2 + (cost)2 dt
=dt
and thus

The example of the circle illustrates the way that we can go from the
definition of arclength for an arc to arclength for a general curve. By Corol-
lary 77?7, any parametrized curve C can be partitioned into arcs C, and the
arclength of C is in a natural way the sum of the arclengths of the arcs:

5(C) =) s(Ch);
P

when the curve is parametrized over a closed interval, this is a finite sum, but
it can be an infinite (positive) series when the domain is an open interval.
Notice that a reparametrization of C is related to the original one via a
strictly monotone, continuous function, and this associates to every partition
of the original domain a partition of the reparametrized domain involving
the same segments of the curve, and hence having the same value of £ (P, .)
Furthermore, when the parametrization is regular, the sum above can be
rewritten as a single (possibly improper) integral. This shows

Remark 2.5.3. The arclength of a parametrized curve C does not change
under reparametrization. If the curve is reqular, then the arclength is given
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by the integral of the speed (possibly improper if the domain is open)

5(C):/ab ds
gAGK

b
_’(t)H dt.

for any regqular parametrization of C.

In retrospect, this justifies our notation for speed, and also fits our intu-
itive notion that the length of a curve C is the distance travelled by a point
as it traverses C once.

As a final example, we calculate the arclength of one “arch” of the cycloid

z=60—sind

y=1—cosf
or
D (0) = (0 —sinh, 1 —cosh), 0<6<2r.
Differentiating, we get
V' (0) = (1 — cosf,sinh)

SO

ds = \/(1 — cos 0)2 + sin? § d
= V2 —2cosfdf.

The arclength integral

2m
s(C) = V2 —2cosfdf
0
can be rewritten, multiplying and dividing the integrand by +/1 + cos 8, as

2 2
=2 / V1 —cos?8

V1+ cosf
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which suggests the substitution
u=1+cosf

du = —sin6

since the numerator of the integrand looks like sinf. However, there is a
pitfall here: the numerator does equal Vsin?#, but this equals siné only
when sin# > 0, which is to say over the first half of the curve, 0 < 0 < 7;
for the second half, it equals —sin #. Therefore, we break the integral into
two

2 T sinfdf 2™ $infdo
V2 / VI —cosfdg =3 [ 0 5 [T snbdf
0 o8 0 1+ cosb ~ V1+cosb

0 2
:\/5/ —u_l/zdu—\/i/ w2 du
2 0
2
:2\/5/ w2 du
0

= 4\/§u1/2‘
= 8.

2
0

We note one technical point here: strictly speaking, the parametrization of
the cycloid is not regular: while it is continuously differentiable, the velocity
vector is zero at the ends of the arch. To get around this problem, we can
think of this as an improper integral, taking the limit of the arclength of
the curve p(f), e < 6 < 27 — ¢ as ¢ — 0. The principle here (similar, for
example, to the hypotheses of the Mean Value Theorem) is that the velocity
can vanish at an endpoint of an arc in Theorem 2.5.1, or more generally
that it can vanish at a set of isolated points of the curve'® and the integral
formula still holds, provided we don’t “back up” after that.

Integrating a Function along a Curve (Path Integrals)

Suppose we have a wire which is shaped like an arc, but has variable thick-
ness, and hence variable density. If we know the density at each point along
the arc, how do we find the total mass? If the arc happens to be an interval
along the z-axis, then we simply define a function f(z) whose value at each
point is the density, and integrate. We would like to carry out a similar
process along an arc or, more generally, along a curve.

18With a little thought, we see that it can even vanish on a nontrivial closed interval.
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Our abstract setup is this: we have an arc, C, parametrized by the
(continuous, one-to-one) vector-valued function p'(t), a < t < b, and we
have a (real-valued) function which assigns to each point P of C a number
f(P); we want to integrate f along C. The process is a natural combination
of the Riemann integral with the arclength calculation of § 2.5. Just as for
arclength, we begin by partitioning C via a partition of the domain [a, b] of
our parametrization

P:{a:t0<t1<---<tn:b}.

For a small mesh size, the arclength of C between successive points 7(@) is
well approximated by

Asj =P (tji—1) — P ()]

and we can form lower and upper sums

n

L(P.f) =) inf f(P(1)) Ds;
j=1

UP,f) = sup f(P (1) As;.

j=1 tel;

As in the usual theory of the Riemann integral, we have for any partition P
that
L(P, f) <UP, [);

it is less clear that refining a partition lowers U(P, f) (although it clearly
does increase L(P, f)), since the quantity ¢ (P, p’) increases under refine-
ment. However, if the arc is rectifiable, we can modify the upper sum by
using s (p'(I;)) in place of As;; denoting this by

U(P,f) =" sup f(P(1)s (P (1))
el
we have, for any two partitions P;, i = 1,2,
L(P1, f) U (P2, f)
We will say the function f(7') is integrable over the arc C if

sup L(P, f) = infU* (P, f)
P P
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and in this case the common value is called the path integral or integral
with respect to arclength of f along the arc C, denoted

/Cfds.

As in the case of the usual Riemann integral, we can show that if f is inte-
grable over C then for any sequence Py, of partitions of [a, b] with mesh(Py) —
0, the Riemann sums using any sample points ¢; € I; converge to the inte-
gral:

R(Pe £, {8 = S £ () Asy — /Cfds.
j=1
It is easy to see that the following analogue of Remark 2.5.3 holds for

path integrals:

Remark 2.5.4. The path integral of a function over a parametrized curve
is unchanged by reparametrization; when the parametrization p:R—R? is
reqular, we have

[sas=[ sy [0 a

As two examples, let us take C to be the parabola y = 22 between (0,0)
and (1,1), and compute the two integrals

/xds

C

/yds.
C

To compute the first integral, we use the standard parametrization in
terms of x

7P (x) = (z,2%), 0<z<I;

then the element of arclength is given by

ds = /(%)% + (y)? dx
=1+ (2z)%dz
=V1+4a2de
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SO

/Ca:ds - /Ol(x)(\/mdx)

which we can do using the substitution

uw=1+ 42>
du = 8x dx
1
rdr = gdu

r=0<u=1

r=1<u=5

and

1 1 5
/ $\/1+4l’2dl‘:§/ ul’? du
0 1

5
BECRE
551
12

1 3/2‘

CURVES

If we try to use the same parametrization to find the second integral, we

have

/yd5:/$2d5
C C

1
:/ 22/ 1 + 422 dz
0

which, while not impossible, is a lot harder. However, we can also express
C as the graph of z = /y and parametrize in terms of y; this yields

1 2
ds =4/ —=) +1dy
<2\/§>

/1
=,4/—4+1d
4y+ 4
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SO

and the substitution

8y + 1 =sect
changes this into
1 arcsec 9 3 9
. _ - _ 1 arcsec
61 J, (sec’d —sec @) do 198 (tan @ sec @ — In(secf + tan6)),
9v5 1
=— - —1 4v/5).
32 128 O+ \/3)

Exercises for § 2.5

Practice problems:

1. Set up an integral expressing the arc length of each curve below. Do
not attempt to integrate.

(a) y== 0<z<1 (b) y=e€", 0<z<1
(¢c) y=lnz, 1<z<e (d) y=sinz, 0<zx<nw
o {52 0zozr

ot ot
(ﬂ{j — GTe, —ises
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2. Find the length of each curve below.

(a)yzl’g/z, 0<z<1 b) y=2?3 o0<z<1

X
4 1<z<2 (d) y:/ Vit —1dt, 1<z<2
1

= 8

15t , 0<t<1
= 155
= 2
Int
= 2t
= gind
= 6O+4+cosf ’
= 3t

= 4dtsint , 0<t<
= 4tcost

[T
Il

., 1<t<2

ISR
Il

ne 8 R
|

(i
g
|
g
0]
|

3. Calculate fcfdsz

(a) f(z,y) = 3623, Cis y = 22 from (0,0) to (1,1).
(b) f(x,y) = 322°, C is y = z* from (0,0) to (1,1).
(¢) f(x,y) = 2%+ y?% Cis y = 2x from (0,0) to (1,2).
(d) f(z,y) =4(z+ y), Cis y = 2? from (0,0) to (1,1).
(e) f(z,y) = 22, C is the upper half circle 22 +y% =1, y > 0.
(f) f(z,y) = 2? + 42, C is given in parametric form as
{5 _ 1iﬁ, 0<t<l.

f(z,y) = (1 —2%)%2, C is upper half of the circle 2% + y? = 1.
(h) f(x,y) = 2%+ y3, C is given in parametric form as

{:17 = 2cost

<t<m.
y:2sint0tﬂ

) — =
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(i) f(z,y) = zy, Cis y = 2% from (0,0) to (1,1).
@ f

(z,y,z) = zy, C is given in parametric form as

r = cost
y = sint , 0<t< .
z = t

(k) f(x,y,2) = 22y, C is given in parametric form as

r = cost
y = sint , 0<t< .
z = t

(1) f(z,y,2) = z, C is given in parametric form as

r = cost
y = sint , 0<t< .
z = t

(m) f(x,y,z) =4y, C is given in parametric form as

x = t
y = 2t , 0<t<1.
2z = {2

(n) f(z,y,z) = 2% —y?+ 22, C is given in parametric form as

r = cost
y = sint , 0<t< .
z = 3t

(o) f(z,y,z) =4z + 16z, C is given in parametric form as

r = 2t
y = t2 | 0<t<3.
z = 2

Theory problems:
4. Consider the graph of the function

o1
zsin = for z >0,
f(w)Z{ !

0 forz =0

over the interval [0, 1].
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(a)
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Show that
|f(2)] < |z
with equality at 0 and the points
2
=— k=1,....
T2k - D ’

Show that f is continuous. (Hint: the issue is x = 0) . Thus, its
graph is a curve. Note that f is differentiable except at = 0.
Consider the piecewise linear approximation to this curve (albeit
with infinitely many pieces) consisting of joining (z, f(xr)) to
(Tgt1, f(xpe1)) with straight line segments: note that at one of
these points, f(z) = x while at the other f(x) = —x. Show that
the line segment joining the points on the curve corresponding to
x = xp and x = x4 has length at least

Asp = |f(zp41) — flan)]
= Tp41 + Tk
2 2
+
2%+ Dr | (2k— D)

(
-2 (w5)

i Aﬁk
k=1

Show that the sum

diverges.

Thus, if we take (for example) the piecewise linear approxima-
tions to the curve obtained by taking the straight line segments
as above to some finite value of £ and then join the last point to
(0,0), their lengths will also diverge as the finite value increases.
Thus, there exist partitions of the curve whose total lengths are
arbitrarily large, and the curve is not rectifiable.

Challenge problem:

5. Bolzano’s curve (continued): We continue here our study of the
curve described in Exercise 10 in § 77; we keep the notation of that
exercise.
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(a)

(b)

()
(d)

Show that the slope of each straight piece of the graph of f; has
the form m = 42" for some integer 0 < n < k. Note that each
interval over which fj, is affine has length 37%.

Show that if two line segments start at a common endpoint and
end on a vertical line, and their slopes are 27 and 2"*! respec-
tively, then the ratio of the second to the first length is

my 1+2n+1
m V1420

Show that this quantity is non-decreasing, and that therefore it
is always at least equal to /5/3.

Use this to show that the ratio of the lengths of the graphs of
fre1 and fi, are bounded below by 2v/5/3v/3 4+ 1/3 > 1.19.

How does this show that the graph of f is non-rectifieable?
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Differential Calculus for Real-Valued
Functions of Several Variables

In this chapter and in Chapter 5, we consider functions whose input involves
several variables—or equivalently, whose input is a vector—and whose out-
put is a real number.

We shall restrict ourselves to functions of two or three variables, where
the vector point of view can be interpreted geometrically.

A function of two (resp. three) variables can be viewed in two slightly
different ways, reflected in two different notations.

We can think of the input as three separate variables; often it will be
convenient to use subscript notation z; (instead of z,y, z) for these variables,
SO we can write

f(z,y) = f(21,22)
in the case of two variables and

f(z,y,2) = f(z1,72,73)

in the case of three variables.
Alternatively, we can think of the input as a single vector = formed
from listing the variables in order:

7 = (z,y) = (z1,72)

203
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or

T = (2,y,2) = (x1, 72, 3)
and simply write our function as
f(@).
A third notation which is sometimes useful is that of mappings: we write
ffR"—=R

(with n = 2 or n = 3) to indicate that f has inputs coming from R" and
produces outputs that are real numbers.!

In much of our expositon we will deal explicitly with the case of three
variables, with the understanding that in the case of two variables one simply
ignores the third variable; conversely, we will in some cases concentrate on
the case of two variables and if necessary indicate how to incorporate the
third variable.

Much of what we will do has a natural extension to any number of input
variables, and we shall occasionally comment on this.

In this chapter, we consider the definition and use of derivatives in this
context.

3.1 Continuity and Limits

Recall from § 2.3 that a sequence of vectors converges if it converges coordi-
natewise Using this notion, we can define continuity of a real-valued function
of three (or two) variables f(2') by analogy to the definition for real-valued
functions f(z) of one variable:

Definition 3.1.1. A real-valued function f(Z') is continuous on a subset
D C R3 of its domain if whenever the inputs converge in D (as points in
R3) the corresponding outputs also converge (as numbers):

Tp— To= f(Ty) — f(To).

It is easy, using this definition and basic properties of convergence for
sequences of numbers, to verify the following analogues of properties of con-
tinuous functions of one variable. First, the composition of continuous func-
tions is continuous (Exercise 3):

When the domain is an explicit subset D C R™ we will write f: D —R.
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Remark 3.1.2. Suppose f(T') is continuous on D C R3.

1. If  R—R is continuous on G C R and f(7') € G for every 7 =
(x,1,2) € D, then the composition go f:R3 =R, defined by

(9o N)(@) =g(f(7))

1.€.,

(gof) (mlv"'ﬂxn) :g(f(x7y7z))
18 continuous on D.

2. If g:R—R3 is continuous on [a,b] and g (t) € D for everyt € [a,b],
then fo g:R—R, defined by

(feg)t) = f(g (1)

1.e.,

(fog)(t) = fo1(t) , 92(t) , g3(t))

is continuous on [a, b]

Second, functions defined by reasonable formulas are continuous where
they are defined:

Lemma 3.1.3. If f(x,y, 2) is defined by a formula composed of arithmetic
operations, powers, roots, exrponentials, logarithms and trigonometric func-
tions applied to the various components of the input, then f(x,y,z) is con-
tinuous where it is defined.

Proof. Consider the functions on R?

each of the first three is continuous on R?, and the last is continuous off the
xo-axis, because of the basic laws about arithmetic of convergent sequences
(Calculus Deconstructed, Theorem 2.4.1).

But then application of Remark 3.1.2 to these and powers, roots, expo-
nentials, logarithms and trigonometric functions (which are all continuous
where defined) yields the lemma. 0
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Remark 3.1.2 can also be used to get a weak analogue of the Intermediate
Value Theorem (Calculus Deconstructed, Theorem 3.2.1). Recall that this
says, for f:R—R continuous on [a,b], that if f(a) = A and f(b) = B then
for every C between A and B the equation f(z) = C has at least one solution
between a and b. Since the notion of a point in the plane or in space being
“between” two others doesn’t really make sense, there isni really a direct
analogue of the Intermediate Value Theorem, either for f:R—R3 or for
f:R? - R. However, we can do the following: Given two points a, b € R3,
we define a path from @ to b to be the image of any locally one-to-
one continuous function p: R—R3, parametrized so that p'(a) = @ and
) = ? Then we can talk about points “between” @ and ? along this
curve.

I_’)roposition 3.1.4. If f:R?® =R is continuous on a set D C R® and @ and
b are points of D that can be joined by a path in D, then for every number
—
b

C between f(@) and f( ) the equation
f@)=c

has at least one solution between @ and b along any path in D which joins
the two points.

The proof of this is a simple application of Remark 3.1.2 to fo p (Ex-
ercise 4).
For example, if f(@') is continuous on R?® and f(@) is positive while

N
f ( b) is negative, then the function must equal zero somewhere on any

N
path from @ to b.

To study discontinuities for a real-valued function of one variable, we
defined the limit of a function at a point. In this context, we always ignored
the value of the function at the point in question, looking only at the values
at points nearby. The old definition carries over verbatim:

Definition 3.1.5. Suppose the function f(') is defined on a set D C R?
and T o is an accumulation point’ of D; we say that the function converges
to L € R as T goes to @ if whenever {1} is a sequence of points in D,
all distinct from T o, which converges to T ¢, the corresponding sequence of

2A point T is an accumulation point of the set D C R? if there exists a sequence
of points in D, all distinct from =, which converge to Zo.
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values of f(xg) converges to L:

?0 75 ?k — ?0 =
f(7h) — L.

The same arguments that worked before show that a function converges
to at most one number at any given point, so we can speak of “the” limit
of the function at @ = 7o, denoted

L= _lim f(7).
Tr— X

For functions of one variable, we could consider “one-sided” limits, and
this often helped us understand (ordinary, two-sided) limits. Of course, this
idea does not really work for functions of more than one variable, since the
“right” and “left” sides of a point in the plane or space don’t make much
sense. We might be tempted instead to probe the limit of a function at a
point in the plane by considering what happens along a line through the
point: that is, we might think that a function has a limit at a point if it has
a limit along some line (or even every line) through the point. The following

example ilOWS the folly of this point of view: consider the function defined
for @ # 0 € R? by

Ty

(z,y) # (0,0)

If we look at the values of the function along a line through 2’y = 0 of
slope m,

y = ma,
we see that the values of f(7') at points on this line are

(z)(mx)
x2 + m2x2?
_m
14 m2’

flx,mz) =

This shows that for any sequence of points approaching the origin along a
given line, the corresponding values of f(Z') converge—but the limit they
converge to varies with the (slope of) the line, so the limit lim5 (@)
does not exist.
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Actually, the situation is even worse: if we consider another function
defined on the plane except the origin by

LE2

EERTR

f(z,y) (z,y) # (0,0)

then along a line y = ma through the origin, we have the values

(2?)(mz)
zt + (mx)?

m:l?g

x2(22 +m?2)
mx
22 + m?

— 0

flx,mz) =

as T — 0.3 Thus, the limit along every line through the origin exists and
equals zero. We might conclude that the function converges to zero as o’
goes to 0. However, along the parabola y = ma? we see a different behavior:

x 2 mx2
o) =

1+ m?

so the limit along a parabola depends on which parabola we use to approach
the origin. In fact, we really need to require that the limit of the function
along every curve through the origin is the same. This is_> even harder to
think about than looking at every sequence converging to 0.

The definition of limits in terms of §’s and &’s, which we downplayed
in the context of single variable calculus, is a much more useful tool in the
context of functions of several variables.

Remark 3.1.6. (-0 Definition of limit:)
For a function f(@) defined on a set D C R3 with T an accumulation
point of D, the following conditions are equivalent:

1. For every sequence { Ty} of points in D distinct from g,

f(@r) — L

3The preceding argument assumes m # 0. What happens if m = 07
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2. For every € > 0 there exists § > 0 such that for points © € D

0 < dist(@, Z'9) < & guarantees |f(@) — L| <e.

The &- formulation can sometimes be awkward to apply, but for finding
limits of functions of two variables at the origin in R?, we can sometimes use
a related trick, based on polar coordinates. To see how it works, consider
the example

3

f(xay): $2+y27

(z,y) # (0,0).

If we express this in the polar coordinates of (x,y)

x =rcosf

y=rsinf

we have

r3 cos® @

rcosf,rsinf) = ————
i ’ ) r2 cos? 412 sin?

r3 cos> 6

r2
= rcos> 6.

Now, the distance of (z,y) from the origin is r, so convergence to a limit at
the origin would mean that by making

r <o
we can insure that
‘f(xay) - L’ <é&;

in other words, we want to know whether rcos®#@ approaches a limit as
r — 0, regardless of the behavior of §. But this is clear: since

‘COS3 0| <1,
any sequence of points p’; with respective polar coordinates (r;, 6;) satisfies

ricos® 0; — 0
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and so

3

lim —o =
()0 7+ Y

How does this play out for our earlier examples? To see what happens
in the first example above

zy
flz,y) = ma (z,y) # (0,0)
write it in terms of polar coordinates:
(rcos@)(rsinf)

f(rcos,rsinf) =

r2cos? 0 + r2sin? 6
r2 cos 6 sin 6
2

r
= cos@sinf.

We see that the limiting behavior of the function very much depends on the
behavior of 6; thus the function diverges as (z,y) — (0,0).
This trick is not universally useful. The second example

2

Yy
T,Y) = ———
flay) = — vy
is expressed in polar coordinates by
r3 cos? @ sin §

f(rcosé,rsinf) =

r4 cos* 0 + r2sin® 0

where things don’t cancel quite so nicely. We can try to pull out an r?

factor, to get

r(cos? 0sin 0)

r2cost 0 + sin 6’

If sinf stays bounded away from zero, then this goes to zero as r — 0
(why?), but it is less clear what happens when r and sin € both tend to zero.
Recall that a function is continuous at a point x( in its domain if

lim f(z) = f(zo) -

Tr—X0
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This carries over verbatim to functions of several variables: a function
f:R3—R is continuous at a point = in its domain if

lim f(F) = £(T).

Tr— T
If a function has a limit at ¢ but fails to be continuous at x o either
because the limit as 7 — 7 differs from the value at 7 = 7, or because
f(T) is undefined, then we can restore continuity at = = ¢ simply by
redefining the function at @ = @' to equal its limit there; we call this a
removable discontinuity. If on the other hand the limit as @ — 2 fails
to exist, there is no way (short of major revisionism) of getting the function
to be continuous at = = 7', and we have an essential discontinuity.

Our divergent examples above show that the behavior of a rational func-

tion (a ratio of polynomials) in several variables near a zero of its denomina-
tor can be much more complicated than for one variable, if the discontinuity
is essential.

Exercises for § 3.1

Practice problems:

1. For each function below, find its limit as (z,y) — (0,0):

@ Gy v © 2o
@ © ey ()

® 5% m ) n
o == 0 s o L2

2. Find the limit of each function as (z,y,z) — (0,0,0):

23:2y COS z
z2 + y?

Ty
2 +y2 + 22

(a) (b)

Theory problems:

3. Prove Remark 3.1.2.

4. Prove Proposition 3.1.4.
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3.2 Linear and Affine Functions

So far we have seen the derivative in two settings. For a real-valued function
f(z) of one variable, the derivative f’(x¢) at a point z( first comes up
as a number, which turns out to be the slope of the tangent line. This
in turn is the line which best approximates the graph y = f(z) near the
point, in the sense that it is the graph of the polynomial of degree one,
T,,f = f(xo) + f'(x0) (x — o), which has first-order contact with the
curve at the point (zg, f(z9)):

|f(@) = Ty, f ()| = o(|z — @0l)

|z — x|

— 0 as x — x.

If we look back at the construction of the derivative p’(t) of a vector-valued
function p:R—R3 in § 77, we see a similar phenomenon: p’(tg) = o' (o)
is the direction vector for a parametrization of the tangent line, and the
resulting vector-valued function, T} P’ (t) = P (to) + v (to) (t —to), expresses
how the point would move if the constraints keeping it on the curve traced
out by p(t) were removed after t = to. In complete analogy to the real-
valued case, T} P (t) has first-order contact with '(t) at ¢ = to:

[7(t) -1, Pt
|t —to

—0ast—tg

or, in “little oh” notation,

17 (t) — T,, B (1)]| = o(It — tol)-

It is really this last approximation property of the derivative in both cases
that is at the heart of the way we use derivatives. So it would be useful
to find an analogous formulation for derivatives in the case of a real-valued
function f(Z') of a vector variable. This section is devoted to formulating
what kind of approximation we are looking for (the analogue of having a
parametrization of a line in the vector-valued case); then in the next section
we will see how this gives us the right kind of approximation to f(@').
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Linearity

In both of the cases reviewed above, the tangent approximation to a function
(real- or vector-valued) is given by polynomials of degree one in the variable.
Analogously, in trying to approximate a function f(x1,x2,x3) of 3 variables,
we would expect to look for a polynomial of degree one in these variables:

p(xz1, 22, 3) = 121 + asxs + asrs + ¢

where the coefficients a;, 7 = 1,2,3 and c¢ are real constants. To formulate
this in vector terms, we begin by ignoring the constant term (which in
the case of our earlier approximations is just the value of the function being
approximated, at the time of approximation). A degree one polynomial with
zero constant term (also called a homogeneous polynomial of degree one)

h(z1,22,73) = a121 + agxs + azxs
has two important properties:

Scaling: If we multiply each variable by some common real number «, the
value of the function is multiplied by «:

(az1) + (az)(aws) 4 (as)(ows)
a1xq1 + asxo + a3x3)

h(axy, aze, axs) = (ay)
(

= Q- h(x17$27$3);

:a)

in vector terms, this can be written
h(aT) = ah(T).
This property is often referred to as homogeneity of degree one.

Additivity: If the value of each variable is a sum of two values, the value
of the function is the same as its value over the first summands plus
its value over the second ones:

h(z1 + y1, 22 + Y2, 23 + ¥3)
= (a1)(z1 + 1) + (a2)(z2 + y2) + (a3)(23 + y3)
= (@121 + a2z2 + azzz) + (a1y1 + agy2 + azys)
= h(xy, 22, 23) + h(y1,y2,v3)

or in vector terms

W2 +Y)=hZ)+h(Y).
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These two properties together can be summarized by saying that h(7') re-
spects linear combinations: for any two vectors # and ¥ and any two
numbers « and S,

h(a@ + Y) = ah(T) + Bh(Y).

A function which respects linear combinations is called a linear function.

The preceding discussion shows that every homogeneous polynomial of
degree one is a linear function.

Recall that the standard basis for R? is the collection 7°, 7, ¥ of unit
vectors along the three positive coordinate axes; we will find it useful to
replace the “alphabetical” notation for the standard basis with an indexed
one:

— —

€1 =1

— =

€2=]
—

—_—

€3 = k.

The basic property” of the standard basis is that every vector z € R3 is, in
a standard way, a linear combination of these specific vectors:

—
— — —
¥ =(x,y,2) =z +yJ +zk
or
— — —
(x1,22,23) =21 €1+ T2 €2+ x3€3.

Then combining this with the fact that linear functions respect linear
combinations, we easily see (Exercise 8) that all linear functions are homo-
geneous polynomials in the coordinates of their input:

Remark 3.2.1. Every linear function :R3—R is determined by its effect
on the elements of the standard basis for R3: if

((€;)=a; fori=1,2,3
then (x1,xo,x3) is the degree one homogeneous polynomial

0(x1, 9, 23) = a1x1 + asxs + asxs.

4No pun intended
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Matrix Representation of Linear Functions

We are now going to set up what will at first look like an unnecessary
complication of the picture above, but in time it will open the door to
appropriate generalizations. The essential data concerning a linear function
(a.k.a. a homogeneous polynomial of degree one) is the set of values taken
by ¢ on the standard basis of R3:

a; =0(€;), i=1,2,3.

We shall form these numbers into a 1 x 3 matrix (a row matrix), called
the matrix representative of /:

[K]Z[CLl as CLg].

We shall also create a 3 x 1 matrix (a column matrix) whose entries are
the components of the vector @, called the coordinate matrix of 7'

(@] = | =2

We then define the product of a row with a column as the result of sub-
stituting the entries of the column into the homogeneous polynomial whose
coefficients are the entries of the row; equivalently, we match the i entry of
the row with the i" entry of the column, multiply each matched pair, and
add:

z1

[ a; az as ] T2 | = a1xy + agxe + aszxs.
x3

Of course, in this language, we are representing the linear function £ R3 —R
as the product of its matrix representative with the coordinate matrix of
the input

U(@) =[]

Another way to think of this representation is to associate, to any row,
a vector @ (just put commas between the entries of the row matrix), and
then to notice that the product of the row with the coordinate matriz of
is the same as the dot product of the vector @ with

x1
[ ayp az ag ] zo | = (a1,a2,a3) - (21,72, 73)
x3

- =
a - x



216 CHAPTER 3. REAL-VALUED FUNCTIONS: DIFFERENTIATION

Thus we see that there are three ways to think of the action of the linear
function £:R3 —R on a vector = € R3:

e Substitute the components of 7’ into a homogeneous polynomial of
degree one, whose coeflicients are the values of £ on the standard basis;

e Multiply the coordinate matrix of 2’ by the matrix representative of
£

e Take the dot product of the vector @ (obtained from the row matrix
[/] by introducing commas) with the vector .

Affine Functions

Finally, we introduce one more piece of terminology: an affine function is
the sum of a constant and a linear function:

)(T) =c+UT).

In other words, an affine function is the same thing as a polynomial of degree
one (with no homogeneity conditions—that is, without any restriction on the
constant term).

Note that if ¢(Z) = ¢+ £(Z) is an affine function, then for any two
vectors z and ¥,

o(y) — (7)) =L(y) - U(T)
=y - 7);
setting
AT =7y -7,
so that
Y =7 +AT
we can write
(T + A7) =¢(T)+LAT). (3.1)

Remark 3.2.2. Given any 7o € R3, the affine function ¢:R®*—R can
be written in the form of Equation (3.1), as its value at T'o plus a linear
function of the displacement from T :

$(To+ A7) = (7o) +UAT)
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or, stated differently,

G(To+AT) = d(To) = ULT);
the displacement of ¢(T') from ¢(&o) is a linear function of the displacement
of T from To.

In light of this observation, we can use Remark 3.2.1 to determine an
affine function from its value at a point oo together with its values at the
points T + ?j obtained by displacing the original point in a direction
parallel to one of the coordinate axes. A brief calculation shows that

3
(JS(?O + A?) =ag + Z ajA:Ej (3.2)
j=1
where
A? = (Aazl, Axg, Axg)

ap = ¢(Zo)

and for j =1,2,3

Exercises for § 3.2

Practice problems:

1. For each linear function £(@) below, you are given the values on the
standard basis. For each function, find ¢(1,—2,3) and ¢(2,3,—1).

2. Is there a linear function ¢: R3 —R for which

0(1,1,1) =0
01,-1,2) =1
0(2,0,3) = 27

Why or why not? Is there an affine function with these values? If so,
give one. Are there others?
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3. If #:R3—R is linear and

0(1,1,1) =3
0(1,2,0) =5
0(0,1,2) =2

then
Find 4(7°), £(77), and 6(?)

)
Express ¢(z,y, z) as a homogeneous polynomial.
(

(a
(b
(c
(d

Express /¢

~— — —

Yy
7') as a matrix multiplication.
Express £(7') as a dot product.

4. Consider the affine function ¢: R3 —R given by the polynomial
3xr — 2y + z+ 5.

Express ¢(@) in the form given by Remark 3.2.2, when ' is each of
the vectors given below:

(a) To=(1,2,1)
(b) ?0 =(-1,2,1)
(c) To=(2,1,1).

Theory problems:

5. Show that an affine function f:R? —R is determined by its values on
the vertices of any nondegenerate triangle.

6. Suppose p (s,t) is a parametrization of a plane in R?, and f:R?®—R
is linear. Show that fo p:R%?—R is an affine function.

7. A level set of a function is the set of points where the function takes
a particular value. Show that any level set of an affine function on R?
is a line, and a level set of an affine function on R? is a plane. When
does the line/plane go through the origin?

8. Prove Remark 3.2.1.
9. Prove Remark 3.2.2.

10. Carry out the calculation that establishes Equation (3.2).
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3.3 Derivatives

In this section we carry out the program outlined at the beginning of § 3.2,

trying to formulate the derivative of a real-valued function of several vari-

ables f(7') in terms of an affine function making first-order contact with
—

f(@).

Definition 3.3.1. A real-valued function of n variables f:R3—R is differ-
entiable at 7o € R if f is defined for all @ sufficiently near o and there
exists an affine function T?Of(?) :R3 =R which has first-order contact with
() at T = To:

F(@) = T (@) = o7 = Fol) (33)

which is to say

@) T s (@)
lim =0. (3.4)

7oz || T =T

When such an affine function exists, we call it the linearization of f(Z')
or the linear approxzimation to f(7), at ¥ = 2.

Since functions with first-order contact must agree at the point of con-
tact, we know that

T, f(7o) = f(To);
then Remark 3.2.2 tells us that
T?Of(?o + AT = f(xo) +HUAT). (3.5)
Furthermore, since ¢/(AZ) is a polynomial, it is continuous, so that

lim_(/(AZ) =0

AT—0
and
Jim (f(7) = T, /(7)) = _Jim [f(7) = f(Fo) - UAT)]
= lim [f(T) - f(T0)] - lm_¢(AT)
r—To AT —0
=l [f(F)~ (7o)

But since the denominator in Equation (3.4) goes to zero, so must the nu-
merator, which says that the limit above is zero. This shows

5Properly speaking, it should be called the affine approximation.
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Remark 3.3.2. If f(@) is differentiable at @ = T then it is continuous
there.

To calculate the “linear part” ¢(AZ’) of T f (') (if it exists), we con-

sider the action of f(Z') along the line through @’¢ with a given direction
vector v': this is parametrized by

—

p(t)="To+tv

and the restriction of f(2) to this line is given by the composition

sl

FP @)= f(To+1t0).

Then setting A7’ =t v in Equation (3.5) we have

0) + £

tv)
0) + te(

).

T f(To+10) = f(
= f(

Equation (3.4) then says that, if we let ¢ — 0,

— —
T (Y
— —
T (Y

|f(To +t0) — f(To) — (V)
£

— 0,

from which it follows that

This formula shows that, if it exists, the affine approximation to f(7') at
T = T is unique; we call the “linear part” /(AZ) of T?of(?) the deriva-
tive or differential of f(7') at @ = 7'y, and denote it dw f. Note that
this equation can also be interpreted in terms of the derivative at ¢ = 0 of

the composite function f(7'(t)):

For example, if

flay) =2 —ay
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and

To=(3,1)

7 = (1)1,1)2)

then, using the limit formula,

1
d(371)f((’l)1, Ug)) = tlgl(l) ; [f(?) + v1t, 1+ Ugt) - f(3, 1)]
1
= lim = (3 +v1t)? — (3 4 vit) (1 + vat) — 6]
1
= lim - [(9 + 6u1t + t7v7) — (3 + v1t + uat + t?v1v2) — 6]

J— 3 J— 2 f—
= }gr(l) [(5v1 — 3va) + t(v] — v1v2)]

= 51)1 — 31)2

or, alternatively, we could use the differentiation formula:

d
dz,1) f((v1,v2)) = pn [f(3+vit, 1 + vat)]
t=0

d

= — [6 + (5v1 — 3ug)t + (v — ’U1U2)t2]
dt],_g

= (501 — 3v2) + 2(v¥ — vywva) - 0

= (5U1 — 3’[)2).

Partial Derivatives

Equation (3.6), combined with Remark 3.2.1, gives us a way of expressing
the differential d f (V') as a homogeneous polynomial in the components
of ¥'. The quantity given by Equation (3.6) when ¥ = ¢ is an element of
the standard basis for R?, is called a partial derivative. It corresponds to
moving through 7 ¢ parallel to one of the coordinate axes with unit speed—
that is, the motion parametrized by

?j(t) = ?0 + t?j :

Definition 3.3.3. The j** partial derivative (or partial with respect to
x;) of a function f(z1,m2,x3) of three variables at @ = ¢ is the derivative®

5The symbol % is pronounced as if the 9’s were d’s.
J



222 CHAPTER 3. REAL-VALUED FUNCTIONS: DIFFERENTIATION

(if it exists) of the function (foﬁj)(t) obtained by fizing all variables except
the jt" at their values at Ty, and letting x; vary:

Fol@o) = 5 (7o) = | (T30
= G| U0ty

or
ol 2) o= S 0y, 2) =l 1 (7 t,,2) = T2

fy(x,y,z) = g_i (‘Tayaz) = tlgl(l)% [f(m,y—i—t,z) - f(xayaz)]

fz(xh%z) = %(az,y,z) :th_l)%%[f(x7y7z+t) _f(xayaz)]’

In practice, partial derivatives are easy to calculate: we just differentiate,
treating all but one of the variables as a constant. For example, if

f(z,y) = 22y + 3z + 4y

then %, the partial with respect to x, is obtained by treating y as the name
of some constant:

0
fole,y) = 9 () =2y + 3

while the partial with respect to y is found by treating x as a constant:

fy(z,y) = g—; (z,y) = 2° + 4;
similarly, if

g(x,y, z) = sin 2z cos y + xyz>
then

0
e (2,9, 2) := E?_z (z,y,2) = 2cos 2z cosy + yz°

0
gy(x,y,2) == a—z (z,y,2) = —sin2zsiny + 2>

dg
9:(x,y,2) == 9% (z,y,2) = 2xy2.
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Remark 3.2.1 tells us that the differential of f, being linear, is determined
by the partials of f:

iz, 7) = (3L @)+ (5= @o) )+ (5L (F0))

2 3

So far, we have avoided the issue of existence: all our formulas above
assume that f(@') is differentiable at @ = 7’¢. Since the partial derivatives
of a function are essentially derivatives as we know them from single-variable
calculus, it is usually pretty easy to determine whether they exist and if so
to calculate them formally. However, the existence of the partials is not
by itself a guarantee that the function is differentiable. For example, the
function we considered in § 3.1

fla) = {x;fyz if (z,y) # (0,0),

0 at (0,0)

has the constant value zero along both axes, so certainly its two partials at
the origin exist and equal zero

of B
5 (0.0)=0
of B
8—y(0,0)_0

but if we try to calculate d(o,o)f(?}) for the vector ¥ = (1,m) using Equa-

tion (3.6),

o0y F(1,m) =l = (7(¢,mt) — £(0,0))

t—0

then, since along the line y = ma the function has a constant value

m

f(t,mt) = Tom?

—which is nonzero if m is—but f(0,0) = 0, we see that the limit above does
not exist:

hml(f(t,mt)—f(O,U)) :hm% < = >

t—0 t t—0 1+ m2
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diverges, and the differential cannot be evaluated along the vector v =

7 +m77 if m # 0. In fact, we saw before that this function is not continuous

at the origin, which already contradicts differentiability, by Remark 3.3.2.
Another example, this time one which is continuous at the origin, is

2xy :
Flz,y) = /2 if (z,y) # (0,0), '
0 at (0,0)

This function is better understood when expressed in polar coordinates,
where it takes the form

2 .
f(rcosf,rsinf) = M

= 2rcosfsinf

= rsin 20.

From this we see that along the line making angle § with the z-axis, f(z,y)
is a constant (sin26) times the distance from the origin: geometrically, the
graph of f(x,y) over this line is itself a line through the origin of slope
m = sin20. Along the two coordinate axes, this slope is zero, but for
example along the line y = x (§ = w/4), the slope is sinw/2 = 1. So
this time, the function defined by Equation (3.6) (without asking about
differentiability) exists at the origin, but it is not linear (since again it is
zero on each of the standard basis elements 72" and 7).
A third example is defined by a straightforward formula (no “cases”):

fla,y) = a3y/3

Again, the function is constant along the coordinate axes, so both partials
are zero. However, if we try to evaluate the limit in Equation (3.6) using
any vector not pointing along the axes, we get

d

do fla® +67) = =

= [a1/351/3t2/3} :

t=0

since t2/% is definitely not differentiable at ¢t = 0, the required linear map
d(o,o)f(aT + 377 cannot exist.

From all of this, we see that having the partials at a point Z’g is not
enough to guarantee differentiability of f(2') at @ = 7’o. It is not even
enough to also have partials at every point near 2’ g—all our examples above
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have this property. However, a slight tweaking of this last condition does
guarantee differentiability. We call f(@') continuously differentiable at
2o if all the partial derivatives exist for every point near =’ (including =g
itself), and are continuous at x¢. Then we can assert

Theorem 3.3.4. If f(Z) is continuously differentiable at g, then it is
differentiable there.

Proof. For notational convenience, we concentrate on the case of a function
of two variables; the modification of this proof to the case of three variables
is straightforward (Exercise 11).

We know that, if it exists, the linearization of f(7') at @ = 7' = (z,v)
is determined by the partials to be

0 0
T o Dy + 89) = Fo) + 52 (o) Ba+ 5L (@) B (37

so we need to show that

1

of of
i [t St 80) = (Fa + 5 wda s E i a)| o

dy
(3.8)
as (Ax,Ay) — 0. When we remove the parentheses inside the absolute
value, we have an expression whose first two terms are f(xz + Ax,y + Ay) —
f(z,y); we rewrite this as follows. By adding and subtracting the value of
f at a point that shares one coordinate with each of these two points—say
f(z,y + Ay)—we can write

flx+ Ax,y+ Ay) — f(z,y) = (f(z + Az, y + Ay) — f(z,y + Ay))
+ (f($7y+ Ay) - f(:Evy))

and then proceed to analyze each of the two quantities in parentheses. Note
that the first quantity is the difference between the values of f along a
horizontal line segment, which can be parametrized by

P(t)=(x+thaz,y+Ay), 0<t<1;
the composite function

g(t) = f(P (1))
= f(z +thx,y + Ay)
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is an ordinary function of one variable, whose derivative is related to a partial
derivative of f (Exercise 6):

of

"(t A Ay) A
g t) = ax($+t z,y + Ay) Az

Thus, we can apply the Mean Value Theorem to conclude that there is a
value t = t1 between 0 and 1 for which

Letting t1Ax = §1, we can write

flx+Ax,y+ Ay) — f(z,y + Dy) = g(1) — 9(0)
=g'(t1)

0
za—i(az—kél,yﬁ-Ay)Aaz

where
|01] < |Ax].

A similar argument applied to the second term in parentheses (Exercise 6)
yields

—f($,y+52)Ay

where

02| < | Ayl

This allows us to rewrite the quantity inside the absolute value in Equa-
tion (3.8) as

ot Baay+ 89) = (Floi) + 5 ) s+ S ey )
:<f(x+Axy+Ay) > <8_f Am—i-g—g(a:y)Ay)
:(gi(x—i-él,y—kAy)Ax—i-g—z(azy—i-ég Ay) <8_f Ax—i-g—g(a:y)Ay)
:<%(:ﬂ+5l,y+m)—g£ >A$+<a—f ,y + 82) —g—g(x y))Ay
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Now, we want to show that this quantity, divided by ||(Ax, Ay)|| = /Ax? + Ay?,
goes to zero as (Ax, Ay) — (0,0). Clearly,

|Az|
= <
VAZ? 4+ Ay?

Byl

VAZ2+ Ay?

so it suffices to show that each of the quantities in parentheses goes to zero.
But as (Az,Ay) — 0, all of the quantities Az, Ay, 6; and Jo go to zero,
which means that all of the points at which we are evaluating the partials are
tending to 7o = (x,%); in particular, the difference inside each pair of (large)
parentheses is going to zero. Since each such quantity is being multiplied by
a bounded quantity (Axz/+/Az?+ Ay?, or Ay/\/Az? + Ay?), the whole
mess goes to zero.
This proves our assertion, that the affine function T, (%) as defined
—
x

by Equation (3.7) has first-order contact with f(7') at @ = @'. O

This result ensures that functions defined by algebraic or analytic ex-
pressions such as polynomials (in two or three variables) or combinations
of trigonometric, exponential, logarithmic functions and roots are generally
differentiable, since by the formal rules of differentiation the partials are
again of this type, and hence are continuous wherever they are defined; the
only difficulties arise in cases where differentiation introduces a denominator
which becomes zero at the point in question.

The Gradient and Directional Derivatives

Recall from § 3.2 that a linear function can be viewed in three different
ways: as a homogeneous polynomial of degree one, as multiplication of the
coordinate matrix by its matriz representative, and as the dot product of the
input with a fixed vector. We have seen that when f(2') is differentiable at
T = T, then the coefficients of the differential dw,f (v'), as a polynomial
in the entries of @', are the partial derivatives of f at @ = @'¢; this tells us
that the matrix representative of d f is
] = |5 @0 B @0 5 (@)

This matrix is sometimes referred to as the Jacobian of f at @ = 7, and
denoted Jf. Equivalently, when we regard this row as a vector, we get the
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gradient” of f:
V(@) == - —-— .
120 = (5 (@) 5 (@0, 5L (@)
That is, the gradient is the vector whose entries are the partials. It is worth
reiterating how these two objects represent the differential:

dz,f(V) = (Jf(@0))[V] (Matrix product) (3.9)
= ?f(?o) -w (Dot Product). (3.10)

These ways of representing the differential carry essentially the same
information. However, the gradient in particular has a nice geometric inter-
pretation.

Recall that we represent a direction in the plane or space by means of
a unit vector w. When the differential is applied to such a vector, the
resulting number is called the directional derivative of the function at
the point. From Equation (3.6), we see that the directional derivative gives
the rate at which f(Z') changes as we move in the direction u at speed one.
In the plane, a unit vector has the form

Uo = (cosa)® + (sina)7

where « is the angle our direction makes with the z-axis. In this case, the
directional derivative in the direction given by « is

dz,f(Ua) = of (o) cosa+ = (7'g) sin a.

- Oz oy

Equation (3.10) tells us that the directional derivative in the direction
of the unit vector w is the dot product
— s —
dy f(T) =V -

xT

which is related to the angle # between the two vectors, so also
Vi =V 17 coso
= H?f(?o)H cos 6

since W is a unit vector. Now, cos @ reaches its mazimum value, which is 1,
when 6 = 0, which is to say when @ points in the direction of ??0, and its
minimum value of —1 when W points in the opposite direction. This gives
us a geometric interpretation of the gradient, which will prove very useful.

"The symbol ?f is pronounced “grad f”; another notation for the gradient is grad f.
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Remark 3.3.5. The gradient vector ?f(?o) points in the direction in
which the directional derivative has its highest value, known as the direction
of steepest ascent, and its length is the value of the directional derivative
in that direction.

As an example, consider the function
fla,y) =49 —a® =y
at the point
Zo=(4,1).

The graph of this function is an elliptic paraboloid opening down; that is, it
can be viewed as a hill whose peak is above the origin, at height f(0,0) = 49.
The gradient of this function is

Vie,y) = (-20)7 + (~62) 7
at the point (4, 1),

ViA4,1)=-87-67
has length

H?f(zu)H — V21 62

=10

and the unit vector parallel to v f(4,1) is

This means that at the point 4 units east and one unit north of the peak,
a climber who wishes to gain height as fast as possible should move in the
direction given on the map by w’; by moving in this direction, the climber
will be ascending at 10 units per unit of horizontal motion from an initial
height of f(4,1) = 30. Alternatively, if a stream flowing down the mountain
passes the point 4 units east and one unit north of the peak, its direction of
flow on the map will be in the opposite direction, the direction of steepest
descent.
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The analogue of Remark 3.3.5 for a function of three variables holds for
the same reasons. Note that in either case, the gradient “lives” in the domain
of the function; thus, although the graph of a function of two variables is a
surface in space, its gradient vector at any point is a vector in the plane.

Chain Rules

For two differentiable real-valued functions of a (single) real variable, the
Chain Rule tells us that the derivative of the composition is the product of
the derivatives of the two functions:

d

2l e =1gt) - g (to).

t=to

Similarly, if g is a differentiable real-valued function of a real variable and 7
is a differentiable vector-valued function of a real variable, the composition
7 o g is another vector-valued function, whose derivative is the product of
the derivative of 7 (i.e., , its velocity) and the derivative of g:

7 og] = Platt)) - g'(t0).

t=to

dt

We would now like to turn to the case when ¢ is a vector-valued function
of a real variable, and f is a real-valued function of a vector variable, so
that their composition fo g is a real-valued function of a real variable. We
have already seen that if ¢ is steady motion along a straight line, then the
derivative of the composition is the same as the action of the differential of
f on the derivative (i.e., the velocity) of g. We would like to say that
this is true in general. For ease of formulating our result, we shall use the
notation p’(t) in place of g (t), @ for the velocity of P'(t) at t = tg, and
the representation of dz f(7) as ?f(?o) .

Proposition 3.3.6 (Chain Rule for R — R3 — R). Suppose f:R3—R is
differentiable at © = T and p:R—R3 is a vector-valued function which
is differentiable at t = tq, where P (tg) = To.

Then the composite function (fo P ):R—R, (fop)t) = f(P(t)) is
differentiable at t = tg, and

Sl e =m0 T
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where

T =P (to)
is the velocity with which the curve passes To at t = tg.

Proof. For the purpose of this proof, it will be convenient to write the con-
dition that f(@) and T3 f (@) have first-order contact at 7 = T in a
somewhat different form. If we set

f(?o + A?) — T?Of(?o + A?)
AT

E =

where A7 = 7' — 7o, then Equation (3.4) can be rewritten in the form
f(Zo+ AT) =Ty f(To+AT)+ |07 e,
N —
where e - 0 as A — 0.
If we substitute into this the expression for the affine approximation
T f(To+ A7) = f(To) +dz, f(AT)
we obtain the following version of Equation (3.4):
f(@o+ A7) = f(7o) = dg f(AT) + |7 |,
where ¢ — 0 as AT — 0.

Using the representation of dz f (AZ) as a dot product, we can rewrite
this in the form

F(Zo+AT) = f(To) = VA(To)- AT + AT e,
where ¢ — 0 as A7 — 6)

In a similar way, we can write the analogous statement for p(¢), using
T =P (to):

P lto+ At) — Plto) = VAL + AL D,
— —
where § — 0 as At — 0.

Now, we consider the variation of the composition f(p (t)) as t varies
from t = tg to t = tg + At:

(B (to+ A) = F(B(t0) = VF(T0) - (VAL+]04 8 ) + |47 | e
VH@0) - (TA) + |8 VF(Fo) - § + AT
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Subtracting the first term on the right from both sides, we can write

F(B (to+ A1) — f(B (b)) — V F(To) - (T A

= — AT
= (A)V f(xo)- & + |At VR

Taking the absolute value of both sides and dividing by |At|, we get

1

mﬂﬂﬁ%+Am—ﬂ?%»—?ﬂ7w«m?>

:‘ﬁf(yo)?iui—f e

<[[Zso 7]+ 5| =

In the first term above, the first factor is fixed and the second goes to zero as
At — 0, while in the second term, the first factor is bounded (since A7 /At
converges to v') and the second goes to zero. Thus, the whole mess goes
to zero, proving that the affine function inside the absolute value in the
numerator on the left above represents the linearization of the composition,
as required. O

An important aspect of Proposition 3.3.6 (perhaps the important aspect)
is that the rate of change of a function applied to a moving point depends
only on the gradient of the function and the velocity of the moving point at
the given moment, not on how the motion might be accelerating, etc.

For example, consider the distance from a moving point p'(¢) to the
point (1,2): the distance from (z,y) to (1,2) is given by

flay) = (x—1)2+ (y — 2)?

with gradient

Ve-12+@-17 -1+ -1

V f(a,y) =

If at a given moment our point has position

?(tO) = (57 _3)
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and velocity
V(tg) = 27 — 37

then regardless of acceleration and so on, the rate at which its distance from
(1,2) is changing is given by

i, PN =56, 0
_ <§7 _ §7> (27— 37)
8.9
~ 7575
_ 1
L

The other kind of chain rule that can arise is when we compose a real-
valued function f of a vector variable with a real-valued function g of a real
variable:

Proposition 3.3.7 (Chain Rule R? — R — R). Suppose f(Z') is a real-

valued function of three variables, differentiable at v—2 ¢, and g(y) is a

real-valued function of a real variable, differentiable aty = yo = f(Z'0).
Then the composition (go f)(T) is differentiable at T = 7o, and

— —
Vige f)(@o) =9 (yo) V f(To)-

Proof. This is formally very similar to the preceding proof. Let

Ay =f(To+ A7) — f(T)
then

S = — —

ANy=Vf(Ty) AT +|AT

where § — 0 as AT — 0. Note for future reference that
—
2yl < (| r@o)|| +0) 1471

Now,

9(f(To+ AT)) = g(yo + Ay)
(o) + ¢'(vo0) Ay + € | Ay|
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where ¢ — 0 as Ay — 0. From this we can conclude
.
9(f(To+BT)) — g(f(T0) — |9 (u0) V F(T)|
=g (yo) 0| AT || +e Ayl

Taking absolute values and dividing by [|AZ ||, we have

= o F o+ A7) — g (T0)) - [ 0) T1(T0)]|
/ Ay
< |9'(vo)| 9] RN

= |g' )| 18] + < (|| V£(F0)|| +9)

Both telﬂ}ls consist of a bounded quantity times one that goes to zero as
AZ — 0, and we are done. O

Finally, we note that, as a corollary of Proposition 3.3.7, we get a formula
for the partial derivatives of the composite function g o f:

021 (%) = o' () 5 (7). (3.11)

For example, suppose we consider the function that expresses the rect-
angular coordinate y in terms of spherical coordinates:

f(p,¢,0) = psin psin0;

its gradient is
?f(p, ¢,0) = (sin ¢sin @, p cos ¢ sin 6, psin ¢ cos ).
Suppose further that we are interested in

z=g(y)
=Iny.

To calculate the partial derivatives of z with respect to the spherical coor-
dinates when

> ©
I

WAk y N
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we calculate the value and gradient of f at this point:

_ L
V2
T \/3 \/3 1
Vf(2,—,§) - (ﬁ)%vﬁ)
of _ V3
o 2V2
or _ 3
9 V2
of 1
0~ V2

The value and derivative of g(y) at y = f(2, %, %) = % are
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and from this we get

9z _ /<L of
=g 5

dp P
3
- (553)
V3
T2
o _ (1Yo
8_<i>_g< 2>8¢
:\/§<§>
2
=3

0z ,( 1\0of
@_g<ﬁ>%

Note that this formula could have been found directly, using Defini-
tion 3.3.3 (Exercise 7): the substantive part of the proof above was to show
that the composite function is differentiable.

Approximation and Estimation

Just as for functions of one variable, the linearization of a function can be
used to get “quick and dirty” estimates of the value of a function when the
input is close to one where the exact value is known.

For example, consider the function

f(z,y) = Va? 4 dzy + y?;

you can check that f(3,1) = 5; what is f(2.9,1.2)7 We calculate the partial
derivatives at (3,1):

af 2z + 5y

a.. (x,y) =

O 2/ 2% + by + o2
af 5T + 2y

5 \LY) =
ay( ) 2\/x2 + bxy + y?
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SO
of 11
— 1)=—=1.1
Oz (3,1) 10
of 17
— = —=1.7
since
(2.9,1.2) = (3,1) + (—0.1,0.2)
we use
Azr = —0.1,
Ay =10.2

to calculate the linearization

o
Tis1)f(29,1.2) = f(3,1) + a_i (3,1) Az + 3 (3,1) Ay
=5+ (1.1)(=0.1) + (1.7)(0.2)
=5-0.11+0.34

= 5.23.

of

This is an easy calculation, but the answer is only an estimate; by compar-
ison, a calculator “calculation” of f(2.9,1.2) gives v/27.25 ~ 5.220.

As a second example, we consider the accuracy of the result of the calcu-
lation of a quantity whose inputs are only known approximately. Suppose,
for example, that we have measured the height of a rectangular box as 2
feet, with an accuracy of £0.1ft, and its a base as 5 x 10 feet, with an
accuracy in each dimension of +0.2ft. We calculate the volume as 100 ft3;
how accurate is this? Here we are interested in how far the actual value of
f(z,y,z) = xyz can vary from f(5,10,2) = 100 when x and y can vary by
at most Ax = Ay = £0.2 and z can vary by at most Az = £0.1. The best
estimate of this is the differential:

f(a:,y,z) = TYz
of
8_33 (5177:% Z) =Yz
of B
3 (r,y,2) = xz
of

g (!E,y,Z) =Ty
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and at our point

of B
5 (5,10,2) =20
of

2L (5,10,2) =1
9 (5,10,2) = 10
of B
5 (5,10,2) = 50

so the differential is
d(571072)f(AI‘, Ay, AZ) =20Azx + 10Ay + 50Az
which is at most

(20)(0.2) + (10)(0.2) + (50)(0.1) = 4 +2+5
= 11.

We conclude that the figure of 100 cubic feet is correct to within +11 cubic
feet.

Exercises for § 3.3

Practice problems:

1. Find all the partial derivatives of each function below:

(a) f(z,y) =2’y — 2ay° (b) f(z,y) =xcosy+ ysinx
(¢) f(z,y) =e"cosy+ytanx (d) f(z,y) =(z+ 1)2y2 — 332(y — 1)2
(e) flz,y,2) =a2%y’z (t) f(z,y,2) = %;erz

2. For each function below, find its derivative d- f(AT), the lineariza-
—
tion 7L ('), and the gradient grad f(@’) = V f(@) at the given

point @.

(a) f(z,y) =2® +4ay +4y*, @ =(1,-2)
(b) fla,y) =cosa® +y), @ = (V7 3)

(© fle.y) = Va+y7, @ =(1,-1)

(d) fla,y) =zcosy —ycosz, @ = (5, ~7)
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(e) f(z,y,2) =2y +az+yz, a=(1,-2,3)
(f) flz,y.2) = (@ +y)?—(z—y)?+2zyz, @ =(1,2,1)

3. (a) Use the linearization of f(z,y) = /7y at @ = (9,4) to find an
approximation to /(8.9)(4.2). (Give your approximation to four
decimals.)

(b) A cylindrical tin can is h = 3 inches tall and its base has radius
r = 2 inches. If the can is made of tin that is 0.01 inches thick,
use the differential of V (r, h) = mr2h to estimate the total volume
of tin in the can.

4. If two resistors with respective resistance Ry and Ry are hooked up in
parallel, the net resistance R is related to R; and Ro by

11
R R Ry
(a) Show that the differential of R = R(R1, R2), as a function of the

two resistances, is given by

R\? R\?2
() A =) AR,.
dR <R1> R1+<R2> Ry

(b) If we know R; = 150 ohms and Ry = 400 ohms, both with a
possible error of 10%, what is the net resistance, and what is the
possible error?

5. A moving point starts at location (1,2) and moves with a fixed speed;
in which of the following directions is the sum of its distances from
(—1,0) and (1,0) increasing the fastest?

7’1 is parallel to 7
'y is parallel to
V'3 is parallel to 7 + 7
— . — —
v'4 is parallel to 3 — ¢'.

In what direction (among all possible directions) will this sum increase
the fastest?

Theory problems:
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6. Fill in the following details in the proof of Theorem 3.3.4:

(a) Show that if f(z,y) is differentiable at (z,y) and g¢(t) is defined
by

g(t) = f(z +thx,y + Ay)

then g is differentiable at ¢ = 0 and

gt = g—i (z+thz,y + Ay) A

(b) Show that we can write

15
ey + Dy) — fa,y) = 6—5 (2, + 82) Dy

where
62| < Ayl

7. (a) Use Proposition 3.3.7 to prove Equation (3.11).
(b) Use Definition 3.3.3 to prove Equation (3.11) directly.

8. Show that if f(x,y) and g(z, y) are both differentiable real-valued func-
tions of two variables, then so is their product

hz,y) = f(z,y) 9(z,y)
and the following Leibniz formula holds:

— — —
Vh=fVg+gVf

Challenge problem:

9. Show that the if f(z,y) = g(ax + by) where g(t) is a differentiable
function of one variable, then for every point (z,y) in the plane with
equation ax + by = ¢ (for some constant c), ? f is perpendicular to
this plane.

10. (a) Show that if f(z,y) is a function whose value depends only on
the product zy then
or _ o1

Yor y(‘)y'
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(b) Is the converse true? That is, suppose f(z,y) is a function satis-
fying the condition above on its partials. Can it be expressed as
a function of the product

f(z,y) = g(zy)

for some real-valued function g(t) of a real variable? (Hint: First,
consider two points in the same quadrant, and join them with a
path on which the product zy is constant. Not that this cannot
be done if the points are in different quadrants.)

11. Adapt the proof of Theorem 3.3.4 given in this section for functions
of two variables to get a proof for functions of three variables.

3.4 Level Sets

A level set of a function f is any subset of its domain of the form

L(f,0) ={T|f(T)=c}

where ¢ € R is some constant. This is nothing other than the solution set
of the equation in two or three variables

flz,y) =c

or

f(z,y,2) =c

For a function of two variables, we expect this set to be a curve in the
plane and for three variables we expect a surface in space.

Level Curves and Implicit Differentiation

For a function of two variables, there is another way to think about the level
set, which in this case is called a level curve: the graph of f(x,y) is the
locus of the equation

Z:f($7y)

which is a surface in space, and L(f, c) is found by intersecting this surface
with the horizontal plane z = ¢, and then projecting the resulting curve
onto the zy-plane. Of course, this is a “generic” picture: if for example the
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function itself happens to be constant, then its level set is the xy-plane for
one value, and the empty set for all others. We can cook up other examples
for which the level set is quite exotic. However, for many functions, the level
sets really are curves.

For example, the level curves of a non-constant affine function are parallel
straight lines.

The level curves of the function

fla,y) =2+

are concentric circles centered at the origin for ¢ > 0, just the origin for
c =0, and the empty set for ¢ < 0.
For the function

sz 2

the level sets L(f,c) for ¢ > 0 are the ellipses centered at the origin

$2 y2

2zl

which all have the same eccentricity. For ¢ = 0, we again get just the origin,
and for ¢ < 0 the empty set.
The level curves of the function

fla,y) =a® -y

are hyperbolas in general: for ¢ = a® > 0, £L(f, c) is the hyperbola

2 2

x

= -5=1

a a

which “opens” left and right, and for ¢ = —a? < 0 we have

2 2

x

£ 4

a a

which “opens” up and down. For ¢ = 0 we have the common asymptotes of
all these hyperbolas.

We would like to establish criteria for when a level set of a function
f(x,y) will be a regular curve. This requires in particular that the curve
have a well-defined tangent line. We have often found the slope of the
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tangent to the locus of an equation via implicit differentiation: for example
to find the slope of the tangent to the ellipse

e VTR (3.12)

at the point (2, —1), we think of y as a function of  and differentiate both
sides to obtain

dy
2 = =0 1
z+8y— =0 (3.13)
then substituting x = 2 and y = —1 yields
dy
4—-8-==0
dx
which we can solve for dy/dx:
dy _4_1
dv 8 2

However, the process can break down: at the point (2\/5,0), substitution
into (3.13) yields

m6+d@=0
dzx

which has no solutions. Of course, here we can instead differentiate (3.12)
treating z as a function of y, to get
dz

20— +8y =0
:Edy—l-y

which upon substituting z = 2v/2, y = 0 yields
d
W2 40 =0
dy

which does have a solution,
dx
— =0.
dy
In this case, we can see the reason for our difficulty by explicitly solving the

original equation (3.12) for y in terms of z: near (2, —1), y can be expressed
as the function of z

8 — g2
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(We need the minus sign to get y = —1 when & = 2.) Note that this solution
is local: near (2,1) we would need to use the positive root. Near (2v/2,0),
we cannot solve for y in terms of x, because the “vertical line test” fails:
for any z-value slightly below z = 2v/2, there are two distinct points with
this abcissa (corresponding to the two signs for the square root). However,
near this point, the “horizontal line test” works: to each y-value near y = 0,
there corresponds a unique z-value near z = 2v/2 yielding a point on the
ellipse, given by

x = /8 — 4y2.

While we are able in this particular case to determine what works and
what doesn’t, in other situations an explicit solution for one variable in
terms of the other is not so easy. For example, the curve

2} +ay+y® =13 (3.14)

contains the point (3,—2). We cannot easily solve this for y in terms of z,
but implicit differentiation yields

d d
322 +y + o2 + 3250 =

= Nl
dx dx 0 (3.15)

and substituting x = 3, y = —2 we get the equation

dy dy
27 —-2+4+3—=+4+12—==0
+ dx * dx
which is easily solved for dy/dx:

dy

15—= = —-25
dx

dy _ 5

de 3

It seems that we have found the slope of the line tangent to the locus of
Equation (3.14) at the point (3,—2); but how do we know that this line
even exists?

A clue to what is going on can be found by recasting the process of
implicit differentiation in terms of level curves. Suppose that near the point
(z0,y0) on the level set L(f,c)

fl@,y) =c (3.16)
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we can (in principle) solve for y in terms of x:
y=o(x).

Then the graph of this function can be parametrized as

P (@) = (z,6(2)).

Since this function is a solution of Equation (3.16) for y in terms of z, its
graph lies on L(f, c):

f(P(2)) = f(z,6(z)) =

Applying the Chain Rule to the composition, we can differentiate both sides
of this to get

of Ofdy
s T ayds ="

and, provided the derivative Of /Dy is not zero, we can solve this for ¢/ (x) =
dy/dx:

/ _dy_ 3f/(933
T TE

This process breaks down if f/dy = 0: either there are no solutions, if
Of J0x # 0, or, if Of /0x = 0, the equation tells us nothing about the slope.

Of course, as we have seen, even when df /0y is zero, all is not lost, for if
0f /Ox is nonzero, then we can interchange the roles of y and x, solving for
the derivative of x as a function of y. So the issue seems to be: is at least
one of the partials nonzero? If so, we seem to have a perfectly reasonable
way to calculate the direction of a line tangent to the level curve at that
point. All that remains is to establish our original assumption—that one of
the variables can be expressed as a function of the other—as valid. This is
what the Implicit Function Theorem does for us.

We want to single out points for which at least one partial is nonzero,
or what is the same, at which the gradient is a nonzero vector. Note that
to even talk about the gradient or partials, we need to assume that f(z,y)
is defined not just at the point in question, but at all points nearby: such a
point is called an interior point of the domain.
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Definition 3.4.1. Suppose f(x,y) is a differentiable function of two vari-
ables. An interior point T of the domain of f is a regular point if

—

V@) £ 0,

that is, at least one partial derivative at T is nonzero. T is a critical
point of f(x,y) if o o

— —
8_x($)_0_8_y($)'

Our result will be a local one, describing the set of solutions to the
equation f(x,y) = ¢ near a given solution. Our earlier examples showed
completely reasonable curves with the exception (in each case except the
affine one) of the origin: for the first two functions, the level “curve” corre-
sponding to ¢ = 0 is a single point, while for the last function, it crosses itself
at the origin. These were all cases in which the origin was a critical point
of f(z,y), where we already know that the formal process of implicit dif-
ferentiation fails; we can only expect to get a reasonable result near reqular
points of f(x,y).

The following result will reappear in § 4.4, in more a elaborate form; it
is a fundamental fact about regular points of functions.®

Theorem 3.4.2 (Implicit Function Theorem for R? — R). The level set of
a continuously differentiable function f:R?>—R can be expressed near each
of its reqular points as the graph of a function.

Specifically, suppose

f(x0,90) = ¢
and
0
8_£ (70,%0) # 0.

Then there exists a rectangle
R = [xg — 01,20 + 61] X [yo — J2,y0 + J2]

centered at To = (x0,%0) (where 01,02 > 0), such that the intersection of
L(f,c) with R is the graph of a C* function ¢(z), defined on [xg — 01,20 + 61]
and taking values in [yo — 02, yo + o).

8For a detailed study of the Implicit Function Theorem in its many incarnations, in-
cluding some history, and the proof on which the one we give is modeled, see [32].
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In other words, if (z,y) € R, (i.e., |x—xo| < 61 and |y —yo| < d2),
then

flz,y)=c <= o(z) =v. (3.17)
Furthermore, at any point x € (xg — 41,20 + 1), the derivative of ¢(x)
18
d 0 0
2= |E wow)| [ |5 w o). (3.18)

Proof. The proof will be in two parts.
First we show that Equation (3.17) determines a well-defined function

¢(z):

For notational convenience, we assume without loss of generality that

f(x()a ?JO) =0

(that is, ¢ = 0), and

of
Dy (20, y0) > 0.
Since f(z,y) is continuous, we know that g—g (7)) > 0 at all points ¥ =
(z,y) sufficiently near @'g, say for |z — x| < & and |y — yo| < d2. For any
a € [x — §,z + 0], consider the function of y obtained by fixing the value of
Tz atx = a:

9a(y) = fla,y);

then

d(y) = g—;j (a,9) >0

S0 ga(y) is strictly increasing on [y — 2,y + d2]. In particular, when a = x,
9z (Yo — 02) < 0 < gay(yo + b2)
and we can pick 6; > 0 (01 < 6) so that

9a(yo — 62) < 0 < ga(yo + 02)

for each a € [xg— 01,20 + d1]. The Intermediate Value Theorem insures
that for each such a there is at least one y € [yo — 02, yo + d2] for which
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9a(y) = f(a,y) = 0, and the fact that g,(y) is strictly increasing insures that
there is precisely one. Writing x in place of a, we see that the definition

p(x) =y <= f(a,y) =0 and |y —yo| <o

gives a well-defined function ¢(z) on [xg — d1, xo + d1] satisfying Equation (3.17).
Second we show that this function satisfies Equation (3.18).
We fix

(z,y) = (z,¢(z))
in our rectangle and consider another point

(x + Az,y + Ay) = (x + Az, ¢(x + Ax))

on the graph of ¢(z).
Since f is differentiable,

of of
where ¢ — 0 as (Az, Ay) — (0,0).

Since both points lie on the graph of ¢(z), and hence on the same level
set of f, the left side of this equation is zero:

of of

— Azt Ay =L Az, Ay e. 1
0 $8x($’y)+ yay(w,y)ﬂl( z, Ay)lle (3.19)

We will exploit this equation in two ways. For notational convenience,
we will drop reference to where a partial is being taken: for the rest of this

proof,

o = )
or oz Y
LDy
By = oy @Y

where 2° = (z,y) is the point at which we are trying to prove differentiability

of ¢.



3.4. LEVEL SETS 249

Moving the first two terms to the left side, dividing by (Am)(g—g), and

taking absolute values, we have
Ay  0f/0x
af /0y

_ I litaz, ay)l
o7/oy] A7)

o |1 | 2]
= Tof/oy (3.20)

(since [[(Az, Ay)|| < |Az|+ |Ay|). To complete the proof, we need to find
an upper bound for ‘1 + Ay‘ on the right side.

To this end, we come back to Equation (3.19), this time moving just the
second term to the left, and then take absolute values, using the triangle

inequality (and [|(Az, Ay)|| < |Azx| + |Ay|):
0 0
f‘ f\ Tl 1aa] + ] 18l

8012 < 1sa)

Gathering the terms involving Az on the left and those involving Ay on the
right, we can write

o (8 ) 100 (3] )

or, dividing by the term on the left,
|0f /0x| + ]E])
Ay| < |Ax <— . 3.21
=18 g oy~ (20

Now, since ¢ — 0, the ratio on the right converges to the ratio of the partials,
and so is bounded by, say that ratio plus one, for Ax sufficiently near zero:

Lyl (2f/02] ).
Az of /0y
This in turn says that the term multiplying |e| in Equation (3.20) is bounded,

so € — 0 implies the desired equation

N Ay__@f/@:n
A i TI

This shows that ¢ is differentiable, with partials given by Equation (3.18),
and since the right hand side is a continuous function of x, ¢ is continuously
differentiable. O
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We note some features of this theorem:

e The hypothesis that f(x,y) is continuously differentiable is crucial;
there are examples of differentiable (but not continuously differen-
tiable) functions for which the conclusion is false: there is no function
¢(x) as required by Equation (3.17) (Exercise 6).

e The statement that £(f,c) N R is the graph of ¢(z) means that the
function ¢(z) is uniquely determined by Equation (3.17).

e Equation (3.18) is simply implicit differentiation: since
y = ¢(z)
we can write Equation (3.18) formally as

dy  of o
de Oz = Oy

which is precisely what we get from implicitly differentiating
flz,y) =c.

e Equation (3.18) can also be interpreted as saying that a vector tangent
to the level curve has slope

0@ =~ | o] /|5 o]

which means that it is perpendicular to v f(z,¢(x)). Of course, this
could also be established using the Chain Rule (Exercise 4); the point
of the proof above is that one can take a vector tangent to L(f,c), or
equivalently that ¢(z) is differentiable.

e In the statement of the theorem, the roles of x and y can be inter-
changed: if % (z0,y0) # 0, then the level set can be expressed as the
graph of a function x = 9 (y).
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At a regular point, at least one of these two situations occurs: some
partial is nonzero. The theorem says that if the partial of f at Z
with respect to one of the variables is nonzero, then near z( we can
solve the equation

f(z,y) = f(x0,y0)

for that variable in terms of the other.
As an illustration of this last point, we again consider the function
fla,y) =+~
The level set £(f,1) is the circle of radius 1 about the origin
z? + y2 + 1.
We can solve this equation for y in terms of x on any open arc which does

not include either of the points (1,0): if the point (zg,yp) with |zo| < 1
has yo > 0, the solution near (z¢,yq) is

o) = VT2

whereas if yg < 0 it is

o(r) = —V1— 22

Since
of
—2
ay y?
at the two points (£1,0)
of
%V +1,0) =
5y (210 =0

and the theorem does not guarantee the possibility of solving for y in terms
of x; in fact, for  near +1 there are two values of y giving a point on the
curve, given by the two formulas above. However, since at these points

of B
5y (ELO) =240,
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the theorem does guarantee a solution for x in terms of y; in fact, near any
point other than (0,41) (the “north pole” and “south pole”) we can write
x = 1(y), where

on the left semicircle.

Slicing Surfaces

The level curves of a function f(z,y) can be thought of as a “topographical
map” of the graph of f(z,y): a sketch of several level curves L(f, ¢), labeled
with their corresponding c-values, allows us to formulate a rough idea of the
shape of the graph: these are “slices” of the graph by horizontal planes at
different heights. By studying the intersection of the graph with suitably
chosen wertical planes, we can see how these horizontal pieces fit together
to form the surface.
Consider for example the function

fla,y) =a® + 42

We know that the horizontal slice at height ¢ = a® > 0 is the circle

22442 =

of radius @ = +/c about the origin; in particular, L'( 1, a2) crosses the y-axis
at the pair of points (0, +a). To see how these circles fit together to form
the graph of f(x,y), we consider the intersection of the graph

2= 4y

with the yz-plane
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Figure 3.1: Slicing the Surface 22 + 3% = z

the intersection is found by substituting the second equation in the first to
get
z = y?
and we see that the “profile” of our surface is a parabola, with vertex at the
origin, opening up. (See Figure 3.1)
If instead we consider the function

fla,y) = 42® +y°,
the horizontal slice at height ¢ = a® > 0 is the ellipse

1'2 y2

@2f @@~

centered at the origin, with major axis along the y-axis and minor axis along
the z-axis. E( 1, a2) again crosses the y-axis at the pair of points (0, +a),
and it crosses the z-axis at the pair of points (+a/2,0). To see how these
ellipses fit together to form the graph of f(z,y), we consider the intersection
of the graph

z:4x2+y2
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with the yz-plane
z = 0;

the intersection is found by substituting the second equation in the first to
get the parabola

z=y"
Similarly, the intersection of the graph with the zz-plane
y=0
is a different parabola
z = 422,

One might say that the “shadow” of the graph on the xz-plane is a narrower
parabola than the shadow on the yz-plane. (See Figure 3.2.) This surface
is called an elliptic paraboloid.

A more interesting example is given by the function

fla,y) =a® =y

The horizontal slice at height ¢ # 0 is a hyperbola which opens along the
z-axis if ¢ > 0 and along the y-axis if ¢ < 0; the level set L(f,0) is the pair
of diagonal lines
y==*x

which are the common asymptotes of each of these hyperbolas. (See Fig-
ure 3.3.)

To see how these fit together to form the graph, we again slice along the
coordinate planes. The intersection of the graph

z =27 — g

with the xz-plane
y=0

is a parabola opening up: these points are the “vertices” of the hyperbolas
L(f,c) for positive c. The intersection with the yz-plane

z=0



3.4. LEVEL SETS 255

Figure 3.2: Slicing the Surface 422 + y? = 2

is a parabola opening down, going through the vertices of the hyperbolas
L(f,c) for negative c.

Fitting these pictures together, we obtain a surface shaped like a saddle
(imagine the horse’s head facing parallel to the z-axis, and the rider’s legs
parallel to the yz-plane). It is often called the saddle surface, but its
official name is the hyperbolic paraboloid. (See Figure 3.4.)

These slicing techniques can also be used to study surfaces given by
equations in z, y and z which are not explicitly graphs of functions. We
consider three examples.

The first is given by the equation

2

x 2, .2
- —1.
1 Ty +=z

The intersection of this with the zy-plane z = 0 is the ellipse

Z 2
- =1
1Y
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v v
z=c>0:22—y?=c z=c<0:2%2—y?=—|
z z
Y T
z =0 Z=—y2 y=20 z = 2

Figure 3.3: Slicing the Surface z = 22 — g2
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Figure 3.4: Combining Slices to Form the Surface z = 22 — y?

centered at the origin and with the ends of the axes at (£2,0,0) and
(0,£1,0); the intersection with any other horizontal plane z = ¢ for which
lc|] < 1 is an ellipse similar to this and with the same center, but scaled
down:

2
Z 2 2
il =1—
4+y c
or

1'2 y2

=1.
4(1—(:2)4_1—02

There are no points on this surface with |z| > 1. Similarly, the intersection
with a vertical plane parallel to the xz-plane, y = ¢ (again with |c| < 1) is
a scaled version of the same ellipse, but in the xz-plane
z? .
— +z
4
and again no points with |y| > 1. Finally, the intersection with a plane
parallel to the yz-plane, x = ¢, is nonempty provided |%| <lor|z| <2
and in that case is a circle centered at the origin in the yz-plane of radius

2 2

=1-c

2
_ 2
r= Z
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This surface is like a sphere, but “elongated” in the direction of the z-axis
by a factor of 2 (see Figure 3.5); it is called an ellipsoid.
Our second example is the surface given by the equation

2yt -2 =1

The intersection with any horizontal plane

is a circle
Pyt =241

of radius r = v/¢2 + 1 about the origin (actually, about the intersection of
the plane z = ¢ with the z-axis). Note that always r > 1; the smallest circle
is the intersection with the xy-plane.

If we slice along the xz-plane

we get the hyperbola
?—2=1

whose vertices lie on the small circle in the xy-plane. Slicing along the yz-
plane we get a similar picture, since x and y play exactly the same role in
the equation. The shape we get, like a cylinder that has been squeezed in
the middle, is called a hyperboloid of one sheet (Figure 3.6).

Now, let us simply change the sign of the constant in the previous equa-
tion:

2?4 y? -2 = 1.

The intersection with the horizontal plane
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Figure 3.5: Slicing the Surface % +y?2+22=1
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Y z
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V1+a?
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|
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|
v
z=a:22+y*=1+a? r=0:9y*-22=1
[
[
|
|
[
/// \\

Figure 3.6: Slicing the Surface 22 +y% — 22 =1
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is a circle
Pyt = -1

of radius r = v/¢2 + 1 about the “origin”, provided ¢* > 1; for ¢ = +1 we
get a single point, and for |¢| < 1 we get the empty set. In particular, our
surface consists of two pieces, one for z > 1 and another for z < —1.

If we slice along the zz-plane

y=20
we get the hyperbola
e —— |
or
2 2

which opens up and down; again, it is clear that the same thing happens
along the yz-plane. Our surface consists of two “bowl”-like surfaces whose
shadow on a vertical plane is a hyperbola. This is called a hyperboloid of
two sheets (see Figure 3.7).

The reader may have noticed that the equations we have considered are
the three-variable analogues of the model equations for parabolas, ellipses
and hyperbolas, the quadratic curves; in fact, these are the basic models
for equations given by quadratic polynomials in three coordinates, and are
known collectively as the quadric surfaces.

Level Surfaces

For a real-valued function f(z,y, z) of three variables, the level set L(f,c) is
defined by an equation in three variables, and we expect it to be a surface.
For example, the level sets L£(f,c) of the function

fl,y,2) = 2> + 9> + 22
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z

Figure 3.7: Slicing the Surface 22 + 9% — 22 = —1
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are spheres (of radius 1/c) centered at the origin if ¢ > 0; again for ¢ = 0 we
get a single point and for ¢ < 0 the empty set: the origin is the one place
where . .

Vf(x,y,z2) =207 +2y7 +22k

vanishes.
Similarly, the function

f(x,y,z) :$2 +y2 _Z2

can be seen, following the analysis in § 3.4, to have as its level sets L(f,c)
a family of hyperboloids’—of one sheet for ¢ > 0 and two sheets for ¢ < 0.
For ¢ = 0, the level set is given by the equation

24 y? = 22

which can be rewritten in polar coordinates

we recognize this as the cylindrical surface we used to study the conics in
§ 2.1. This is a reasonable surface, except at the origin, which again is the
only place where the gradient grad f vanishes.

This might lead us to expect an analogue of Theorem 3.4.2 for functions
of three variables. Before stating it, we introduce a useful bit of notation.
By the e-ball or ball of radius & about '(, we mean the set of all points
at distance at most € > 0 from 7 g:

BE (?0) = {?‘ dist(?, ?0) < E}.

For points on the line, this is the interval [zg — &, xg + €]; in the plane, it is
the disc {(z,9) | (x —20)? + (y — y0)? < ¢}, and in space it is the actual ball
{(z,9,2) [ (x — 20)* + (y — 90)* + (2 — 20)* < e}

Theorem 3.4.3 (Implicit Function Theorem for R3 — R). The level set of
a continuously differentiable function f:R3>—R can be expressed near each
of its reqular points as the graph of a function.

Specifically, suppose that at

7o = (%0, Y0, 20)

90ur analysis in § 3.4 clearly carries through if 1 is replaced by any positive number
lc|
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we have
f(@o)=c
and
of
a—ﬁ (20) #0.

Then there exists a set of the form
R = B: ((z0,y0)) x [20 — 6,20 + ]

(where € > 0 and 6 > 0), such that the intersection of L(f,c) with R is the
graph of a O function ¢(x,y), defined on B. ((wo,y0)) and taking values in
[20 — 6,20 + 8]. In other words, if T = (x,y,2) € R, then

flx,y,2) =c <= z=¢(x,y). (3.22)

Furthermore, at any point (z,y) € B. (), the partial derivatives of ¢
are

9 _ _9f/ox

Bl - of/0

5 __ﬁgg (3.23)
dy of/0z

where the partial on the left is taken at (z,y) € B. C R? and the partials on
the right are taken at (x,y,¢(z,y)) € R C R3.

Note that the statement of the general theorem says when we can solve
for z in terms of x and y, but an easy argument (Exercise 5) shows that we
can replace this with any variable whose partial is nonzero at © = 7.

Proof sketch: This is a straightforward adaptation of the proof of Theo-
rem 3.4.2 for functions of two variables.

Recall that the original proof had two parts. The first was to show simply
that £(f,c)N R is the graph of a function on B, (7'p). The argument for this
in the three-variable case is almost verbatim the argument in the original
proof: assuming that

of

— >0

0z
for all @ near T, we see that F is strictly increasing along a short vertical
line segment through any point (z',%/,2’) near =g,

Iy = {2y, 2) |2 =6 < 2 <2/ + 6},
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In particular, assuming ¢ = 0 for convenience, we have at (xg,yo)

f(xo,90,20 —6) <0 < f(xo,y0,20 — 9)

and so for z = zog + Az, y = yo + Ay, Az and Ay small (|[(Az, Ay)| < e),
we also have f positive at the top and negative at the bottom of the segment

I($0+A$7yo+ﬁy):

flzo+ Az, yo + Ay, 20 — 0) <0< fxg+ Azyyo + Ay, 20+ 9) .

The Intermediate Value Theorem then guarantees that f = 0 for at least
one point on each vertical segment in R, and the strict monotonicity of f
along each segment also guarantees that there is precisely one such point
along each segment. This analogue of the “vertical line test” proves that
the function ¢(x,y) is well-defined in B; (zg, yo)-

The second part of the original proof, showing that this function ¢ is
continuously differentiable, could be reformulated in the three variable case,
although it is perhaps less clear how the various ratios could be handled. But
there is an easier way. The original proof that ¢/(z) is the negative ratio of
0f /0x and Of /Oy in the two variable case is easily adapted to prove that the
restriction of our new function ¢(x,y) to a line parallel to either the z-axis
or y-axis is differentiable, and that the derivative of the restricition (which
is nothing other than a partial of ¢(z,y)) is the appropriate ratio of partials
of f, as given in Equation (3.23). But then, rather than trying to prove
directly that ¢ is differentiable as a function of two variables, we can appeal
to Theorem 3.3.4 to conclude that, since its partials are continuous, the
function is differentiable. This concludes the proof of the Implicit Function
Theorem for real-valued functions of three variables. O

As an example, consider the level surface £(f,1), where
f(:Evyvz) :4332 +y2 —Z2 :
The partial derivatives of f(z,y,z) are

of

8_$ (:Evyv Z) = 8x
of

il -9
3y (2, y,2) =2y
a_f (!E,y,Z) = —2257

0z
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at the point (1, —1,2), these values are

of B
5y (L—1,2) =38
of

21 (1,-1,2) = -2
ay(’ ,2)

of B
5, (1,-1,2) = =2

so we see from the Implicit Function Theorem that we can solve for any one
of the variables in terms of the other two. For example, near this point we
can write

z=d(z,y)
where
2% +y? — pla,y)’ =1
and
P(1,-1) = 2;
the theorem tells us that ¢(z,y) is differentiable at + = 1, y = —1, with
%(1 B )__af/&n
or  0f/0z
__8
)
=4
and
06 |y __01/0y
oy of 0z
__2
)
=1

Of course, in this case, we can verify the conclusion by solving explicitly:

¢(z,y) = V1 — (422 + y?);
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you should check that the properties of this function are as advertized. How-
ever, at (0,1,0), the situation is different: since

of B
gz (010 =0
of B
8—y(0,1,0)— 2

of

—(0,1,0) =0

0z (0,1,0)
we can only hope to solve for y in terms of x and z; the theorem tells us
that in this case

oy B
7z (-0 =0
oy B
5. (0.0)=0.

We note in passing that Theorem 3.4.3 can be formulated for a function
of any number of variables, and the passage from three variables to more
is very much like the passage from two to three. However, some of the
geometric setup to make this rigorous would take us too far afield. There
is also a very slick proof of the most general version of this theorem based
on the “contraction mapping theorem”; this is the version that you will
probably encounter in higher math courses.

Exercises for § 3.4

Practice problems:

1. For each equation below, investigate several slices and use them to
sketch the locus of the equation. For quadric surfaces, decide which
kind it is (e.g., hyperbolic paraboloid, ellipsoid, hyperboloid of one

sheet, etc.)

(a) 2z = 92? + 49° (b) z=1—a%—9° () z=2a%—2x+y*
(d) 22+ +2=1 (e) 922 =1¢%+2 () 22 —y?—22=1
(g) 2 =92+ 22 =1 (h) 22 =a? +¢? (1) 2%+ 4y +92% =36

2. For each curve defined implicitly by the given equation, decide at each
given point whether one can solve locally for (a) y = ¢(z), (b) x =
¥ (y), and find the derivative of the function if it exists:
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(a) 23+ 2zy +y3 = =2, at (1,—1) and at (2, —6).
(b) (x —y)e™ =1, at (1,0) and at (0, —1).
(c) 2%y + 2%y =0, at (1,—1) and at (0,1)
3. For each surface defined implicitly, decide at each given point whether
one can solve locally for (a) z in terms of = and y; (b) z in terms of

y and z; y in terms of x and z. Find the partials of the function if it

exists.

(a) 2322 — 232y = 0 at (1,1,1) and at (0,0,0).

(b) xy + 2z + 3225 =4 at (1,0,1)

(c) 23+ 93+ 22 =10 at (1,2,1) and at (V/5,0, V/5).
)

(d) sinzcosy —cosxsinz =0 at (7,0, §).
Theory problems:

4. Prove that the gradient vector ?f is perpendicular to the level surfaces
of f, using the Chain Rule instead of Equation (3.18).

5. Mimic the argument for Theorem 3.4.3 to show that we can solve for
any variable whose partial does not vanish at our point.

Challenge problem:

6. The following example (based on [32, pp. 58-9] or [19, p. 201]) shows
that the hypothesis that f be continuously differentiable cannot be
ignored in Theorem 3.4.2. Define f(z,y) by

zy+y2sind if y #£0,
f(z,y) = v
0 if y=0.

(a) Show that for y # 0

of 1 1
x =x + 2ysin — — ycos —.
ay( . Y) ysin —ycos
(b) Show that
af _
a_y(x70)_

(c) Show that 0f/0Jy is not continuous at (1,0).
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(d) Show that if f(z,y) =0 and y # 0, then
1
r = —ysin—.

(e) Show that the only solutions of f(z,y) = 0 in the rectangle
[%, %] X [—%, %] are on the y-axis.

(f) Conclude that there is no function ¢ defined on I = [, 3] such
that f(z,¢(x)) =0 for all x € I.

3.5 Surfaces and their Tangent Planes

In this section, we study various ways of specifying a surface, and finding
its tangent plane (when it exists) at a point. As a starting point, we deal
first with surfaces defined as graphs of functions of two variables.

Graph of a Function

The graph of a real-valued function f(x) of one real variable is the subset
of the plane defined by the equation

y=f(z),

which is of course a curve—in fact an arc (at least if f(z) is continuous, and
defined on an interval). Similarly, the graph of a function f(z,y) of two real
variables is the locus of the equation

z:f(a:,y),

which is a surface in R3, at least if f(z,y) is continuous and defined on a
reasonable region in the plane.

For a curve in the plane given as the graph of a differentiable function
f(z), the tangent to the graph at the point corresponding to = = xg is
the line through that point, P(xg, f(zo)), with slope equal to the derivative
1’ (x0). Another way to look at this, though, is that the tangent at © = xq to
the graph of f(x) is the graph of the linearization T, f(x) of f(z) at x = xq.
We can take this as the definition in the case of a general graph:

Definition 3.5.1. The tangent plane at ¥ = T to the graph z = f(T)
of a differentiable function f:R3—TR is the graph of the linearization of f(Z)
at T = To; that is, it is the locus of the equation

2= T f(T) = f(To) +dz, (AT

zo
where A0 =& = T'g.
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Note that in the definition above we are specifying where the tangent
plane is being found by the value of the input 7’; when we regard the
graph as simply a surface in space, we should really think of the plane at
(z,y) = (wo,y0) as the tangent plane at the point P(zg,y0,20) in space,

where zg = f(zo, yo)-
For example, consider the function

flzy) =2 +2¢°:

the partials are

% =2
so taking
7o = (1,-1),
we find
f(1,-1)=3
% (1,-1)=2
g—g (1,-1)=-4

and the linearization of f(x,y) at 7 = (1,—1) is
To-nyf(@y) =3+2(x—-1) -4y +1).
If we use the parameters

s=NAx=x—1
t=Ny=y+1

then the tangent plane is parametrized by

r = 1 +s
y = -1 +t (3.24)
z = 3 +2s —4t;
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the basepoint of this parametrization is P(1,—1, 3).
If we should want to express this tangent plane by an equation, we would

need to find a normal vector. To this end, note that the parametrization
above has the natural direction vectors

7 7 K
=1 0 2
0O 1 -4

=27 4T+ k.
It follows that the tangent plane has the equation
0=-2x-1)4+4y+1)+(2—3)
which we recognize as a restatement of the equation Equation (3.24) identi-
fying this plane as a graph:
z2=34+2xz—-1)—4(y+1)
= T(17_1)f($7y) :

These formulas have a geometric interpretation. The parameter s = z—1
represents a displacement of the input from the base input (1, —1) parallel
to the x-axis—that is, holding y constant (at the base value y = —1). The
intersection of the graph z = f(x,y) with this plane y = —1 is the curve

z = f(x,—1)
which is the graph of the function

z =z’ + 2;
at x = 1, the derivative of this function is

dz|  Of
%1—%(1,—1)
=2
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and the line through the point x = 1, z = 3 in this plane with slope 2 lies in

=
the plane tangent to the graph of f(x,%) at (1, —1); the vector v'; = 7 +2k
is a direction vector for this line: the line alone is parametrized by

T = 1 +s
y = -1
z = 3 +2s

which can be obtained from the parametrization of the full tangent plane
by fixing t = 0.

Similarly, the intersection of the graph z = f(z,y) with the plane z = 1
is the curve

Z:f(17y)

which is the graph of the function

z=1+ 2y2;
at y = —1, the derivative of this function is
d 0
del 9y
dy|_y 0Oy

=4

and vy =7 — 4¥ is the direction vector for the line of slope —4 through
y = —1, z = 3 in this plane—a line which also lies in the tangent plane.
This line is parametrized by

r = 1
y = —1 +t
z = 3 —4t

which can be obtained from the parametrization of the full tangent plane
by fixing s = 0.

The alert reader (this means you!) will have noticed that the whole
discussion above could have been applied to the graph of any differentiable
function of two variables. We summarize it below.
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Remark 3.5.2. If the function f(x,y) is differentiable at @9 = (x0,%0),
then the plane tangent to the graph

z= f(z,y)
at

Tr = X

Y = Yo,

which is the graph of the linearization of f(x,y)

z = T(;p07y0)f(x7y)

— a0, 30) + 5 (a0.90) (o = 0) + 57 (v, ) (4 = o)

is the plane through the point
P(zo,Y0, 20),
where
20 = f(zo0, %),
with direction vectors
V1= + % (xo,yo)?

and

— - 0 -
Vy=") +8—ch($o,yo)k'

These represent the direction vectors of the lines tangent at P(xq,yo, 20) to
the intersection of the planes

Y =10
and

r = X,
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respectively, with our graph.

A parametrization of the tangent plane is

r=x9+S8

y=1yo+t

0 0
2’:20+a—£(9€o,y0)8+8—'§(9607y0)t

and the two lines are parametrized by setting t (resp. s) equal to zero.

A normal vector to the tangent plane is given by the cross product

— — —
n =v1X Vg

0 -, 0 - =
=—a—£($o,yo) [ —a—zjj(%o,yo) J+ k.

The adventurous reader is invited to think about how this extends to
graphs of functions of more than two variables.

Parametrized Surfaces

In § 2.2 we saw how to go beyond graphs of real-valued functions of a real
variable to express more general curves as images of vector-valued functions
of a real variable. In this subsection, we will explore the analogous represen-
tation of a surface in space as the image of a vector-valued function of two
variables. Of course, we have already seen such a representation for planes.

Just as continuity and limits for functions of several variables present new
subtleties compared to their single-variable cousins, an attempt to formulate
the idea of a “surface” in R? using only continuity notions will encounter
a number of difficulties. We shall avoid these by starting out immediately
with differentiable parametrizations.

Definition 3.5.3. A vector-valued function
—
p (37 t) = (.’L’l(S, t) ) .’L’Q(S, t) ) ‘T3(37 t))

of two real variables is differentiable (resp. continuously differentiable,
or C1) if each of the coordinate functions x;: R*—R is differentiable (resp.
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continuously differentiable). We know from Theorem 5.3.J that a C* func-
tion is automatically differentiable.

We define the partial derivatives of a differentiable function p (s,t)
to be the vectors

@_ <83:1 8:172 al‘3>

s\ 05 05 0s
Op _ (0x1 0wy O
ot \ ot ot ot )’

We will call p (s,t) regular if it is C' and at every pair of parame-
ter values (s,t) in the domain of P the partials are linearly independent—
that is, neither is a scalar multiple of the other. The image of a reqular
parametrization

& :={P(s,t) | (s5,1) € dom(P)}

is a surface in R, and we will refer to P'(s,t) as a regular parametriza-
tion of 6.

As an example, you should verify (Exercise 9a) that the graph of a
(continuously differentiable) function f(x,y) is a surface parametrized by

P(s,t) = (s,t, f(s,1)).
As another example, consider the function
D (0,t) = (cos0,sin b, t);

this can also be written

T = cosf
y =sind
z =t.

The first two equations give a parametrization of the circle of radius one
about the origin in the xy-plane, while the third moves such a circle vertically
by ¢ units: we see that this parametrizes a cylinder with axis the z-axis, of
radius 1 (Figure 3.8).
The partials are
50 (0,t) = —(sin@) 7" + (cos )y
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9( = ]r

Y

T L

Figure 3.8: Parametrized Cylinder

Another function is

D (r,0) = (rcosf,rsinf,0)

or
x = rcosb
y=rsinf
z=20

which describes the zy-plane in polar coordinates; the partials are

P _ S L v
B (r,0) = (cos )2 + (sinf) 7y

op

50 (r,0) = —(rsin@) 7 + (rcosf)7y;

these are independent unless r = 0, so we get a regular parametrization of
the xy-plane provided we stay away from the origin.

We can similarly parametrize the sphere of radius R by using spherical
coordinates:

7 (0,¢) = (Rsin ¢ cos §, Rsin ¢sin ), R cos ¢) (3.25)
or

x = Rsin¢cosd
y = Rsin¢sinf
z = Rcos ¢;
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the partials are
oy
¢
op L . .
20 (¢,0) = —(Rsin¢gsinf) 7 + (Rsin¢cos )

(¢,0) = (Rcos¢cos )7 + (Rcos ¢sinf) 7 — (Rsinqﬁ)%>

which are independent provided R # 0 and ¢ is not a multiple of 7; the
latter is required because

%—Z (nm,0) = —(Rsin(nm)sin0) 7 — (Rsin(nw) cos 0)J

—
= 0.

Regular parametrizations of surfaces share a pleasant property with reg-
ular parametrizations of curves:

Proposition 3.5.4. A regular function p: R?2—R3 is locally one-to-one—
that is, for every point (so,to) in the domain there exists § > 0 such that the
restriction of P (s,t) to parameter values with

|s —so| <0
‘t—t0‘<(5

15 one-to-one:

(s1,t1) # (s2,12)

guarantees that

P (s1,t1) # P (s2,t2).

Note as before that the condition (s1,t1) # (S2,t2) allows one pair of
coordinates to be equal, provided the other pair is not; similarly, p (s,t1) #
?(32, to) requires only that they differ in at least one coordinate.

Before proving Proposition 4.4.5, we establish a technical lemma.

Lemma 3.5.5. Suppose v and w are linearly independent vectors. Then
there exists a number K(v,w) > 0, depending continuously on ¥ and W,
such that for any 0

|(cos )W + (sin @)W || > K(7', w).
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The significance of this particular combination of @ and w is that the
coefficients, regarded as a vector (cos 6, sin f), form a unit vector. Any other
combination of ¥ and W is a scalar multiple of one of this type.

Proof of Lemma 3.5.5. For any 0,

[(cos )0 + (sin O)W||* = ((cos )T + (sin6)W) - ((cos )T + (sin 6)W)

= | 7| (cos?6) + 27 - W cos(fsin ) + ||| (sin? )

1 1
3 7] (1 + cos 26) + ¥ - w sin 26 + 3 ||| (1 — cos 26);

a standard calculation (Exercise 10) shows that the extreme values of this
function of # occur when

— —
20 - w

tan29 = ﬁ7
(K8 e KT

denote by 8y the value where the minimum occurs. It is clear that we can
express 6 as a function of ¥ and w; let

K(U,w) = ||(cos o)V + (sin )W .
Since v and ware linearly independent, we automatically have

K(v,w) > 0.

Proof of Proposition 4.4.5. We apply Lemma 3.5.5 to the vectors

_ o7
YT s
07

ot

to find a positive, continuous function K (s,¢) defined on the domain of P’
such that for every 6 the vector

' (s,t,0) = (cos 9)88—1) (s,t) + (sin 6)88—? (s,t)

has

17 (s,8,0)|| > K (s,t).
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In particular, given s, ¢, and an angle 6, we know that some component of
the vector v'(s,t,0) must have absolute value exceeding K (s,t)/2:

K(s,t)

04(5,,0)] > =

(Do you see why this is necessary?)

Given (s, to) in the domain of ', we can use the continuity of K (s, ) to
replace it with a positive constant K that works for all (s, t) sufficiently near
(s0,to)- In particular, we can identify three (overlapping) sets of #-values,
say ©; (j = 1,2,3) such that every 6 belongs to at least one of them, and for
every 6 € ©; the estimate above works at (so, %) using the 4t coordinate:

K
0350, t0,0)] > -

But if this estimate works using the j** component for ¥'(sg, o, #), then
it also works for all ¥'(s,t,0) with (s,t) sufficiently near (sg,tg). Thus by
restricting to parameter values close to our “base” (sg,tp), we can pick an
index j(f) independent of (s,t) for which the ;% component of ' (s,t,8)
always has absolute value greater that K/2.

Now suppose (s;,t;), i = 1,2 are distinct pairs of parameter values near
(s0,t0), and consider the straight line segment joining them in parameter
space. This line segment can itself be parametrized as

(5(1), (7)) = (s1,t1) + 7(As, At), 0<T1<1
where

As =89 — 5
At =ty — 1.

Choose 0 satisfying

As = |7 cost

At = ||V || sin
and suppose

96@]'
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as above. Assume without loss of generality that j = 1, so the j** component
is . Then writing = as a function of 7 along our line segment, we have

(1) = x(s1 + TAs,t1 + TAL)

so differentiating

/ _ O0x ox
x (1) = ASE (s(7),t(1)) + Ata (s(7),t(1))

= (VA2 28) v(s,t,0)

which has absolute value at least (K/2)y/As?+ At2, and in particular is
nonzero. Thus the value of the x coordinate is a strictly monotonic function
of 7 along the curve p'(s(7),t(7)) joining P’ (s1,t1) to P (s2,t2), and hence
the points are distinct. O

The parametrization of the sphere (Equation (3.25)) shows that the con-
clusion of Proposition 4.4.5 breaks down if the parametrization is not regular:
when ¢ = 0 we have

?(qﬁa 0) = (07 0, 1)

independent of #; in fact, the curves corresponding to fixing ¢ at a value
slightly above zero are circles of constant latitude around the North Pole,
while the curves corresponding to fixing 6 are great circles, all going through
this pole. This is reminiscent of the breakdown of polar coordinates at the
origin. A point at which a C! function p:R?—R? has dependent partials
(including the possibility that at least one partial is the zero vector) is called
a singular point; points at which the partials are independent are regular
points. Proposition 4.4.5 can be rephrased as saying that p:R?—R? is
locally one-to-one at each of its regular points. Of course, continuity says
that every point sufficiently near a given regular point (that is, correspond-
ing to nearby parameter values) is also regular; a region in the domain of
P:R?—>R3? consisting of regular points, and on which 7 is one-to-one is
sometimes called a coordinate patch for the surface it is parametrizing.

We consider one more example. Let us start with a circle in the zy-plane
of radius @ > 0, centered at the origin: this can be expressed in cylindrical
coordinates as

r=a,

and the point on this circle which also lies in the vertical plane corresponding
to a fixed value of 6 has rectangular coordinates

(acosf,asinb,0).
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We are interested, however, not in this circle, but in the surface consisting
of points in R? at distance b from this circle, where 0 < b < a; this is called
a torus. It is reasonable to assume (and this will be verified later) that for
any point P not on the circle, the nearest point to to P on the circle lies in
the vertical plane given by fixing 6 at its value for P, say # = «. This means
that if P has cylindrical coordinates (7, a, z) then the nearest point to P on
the circle is the point Q(acos a, asina,0) as given above. The vector CTD}
lies in the plane 6 = «; its length is, by assumption, b, and if we denote the
angle it makes with the radial line OQ by ( (Figure 3.9), then we have

Figure 3.9: Parametrization of Torus

CTD} = (bcos B)V o + (bsinﬁ)?
where
Vo= (cosa)? + (sina)7

is the horizontal unit vector making angle o with the z-axis. Since
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we see that the position vector of P is

]+ [(bcos B) TV o + (bsin ﬁ)?]

(asina)7
(asina) 7]+ (beos B)[(cos a) 7 + (sina) 7] + (bsin 6)?

so the torus (sketched in Figure 3.10) is parametrized by the vector-valued
function

D (a, B) = (a+ bcos B)[(cos )7 + (sina) 7] + (bsin 5)? (3.26)

Figure 3.10: Torus

The partial derivatives of this function are

%—Z = (a +bcos B)[(—sina)? + (cosa) ]
op

YT = (a — bsin B)[(cos @) 7" + (sina) 7] + (bcos ﬁ)?

To see that these are independent, we note first that if cos ﬁ_};ﬁ 0 this is
obvious, since %—g has a nonzero vertical component while %—g does not.
If cos8 = 0, we simply note that the two partial derivative vectors are

perpendicular to each other (in fact, in retrospect, this is true whatever
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value 3 has). Thus, every point is a regular point. of course, increasing
either a or 8 by 27 will put us at the same position, so to get a coordinate
patch we need to restrict each of our parameters to intervals of length < 2.

To define the tangent plane to a regularly parametrized surface, we can
think, as we did for the graph of a function, in terms of slicing the surface and
finding lines tangent to the resulting curves. A more fruitful view, however,
is to think in terms of arbitrary curves in the surface. Suppose p'(r,s) is
a C! function parametrizing the surface & in R? and P = p'(rg,s0) is a
regular point; by restricting the domain of p’ we can assume that we have
a coordinate patch for &. Any curve in & can be represented as

T () =P (r(t),s(t))

or

—that is, we can “pull back” the curve on & to a curve in the parameter
space. If we want the curve to pass through P when ¢t = 0, we need to
require

<
—~~
(=)
S~—
I
<
o

s(0) =

VAl
(=)

If 7(¢) and s(t) are differentiable, then by the Chain Rule () is also differ-
entiable, and its velocity vector can be found via

()
dz dv do
dt’ dt’ dt

(t)

where

do _Oudr  0nds
dt  Ordt Osdt
dy _dydr  Oyds
dt  Ordt Osdt
& _0:dr | 0z ds
dt  Ordt Osdt
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We expect that for any such curve, ' (0) will be parallel to the tangent
plane to & at P. In particular, the two curves obtained by holding one of
the parameters constant will give a vector in this plane: holding s constant
at s = sg, we can take r = rg + t to get

7 (t) =P (ro+1,s0)
whose velocity at ¢t = tg is

_oF

v, (0) = I

and similarly, the velocity obtained by holding r = r¢ and letting s = so + ¢
will be

= P
v 3(0) = E

Because P is a regular point, these are linearly independent and so form
direction vectors for a parametrization of a plane

= S op P
Tiry,50) P (ro + Ar,s0 + As) = p(ro, s0) + Arﬁ + Asg.
By looking at the components of this vector equation, we easily see that
each component of (ro, SO)?(TQ + Ar,so + As) is the linearization of the
corresponding component of p'(r,s), and so has first order contact with it
at t = 0. It follows, from arguments that are by now familiar, that for any
curve in &

T () =P (r(t),s(t))

the velocity vector

or dt  OJs dt
lies in the plane parametrized by Tp . It is also a straightforward argument

to show that this parametrization of the tangent plane has first order
contact with P'(r,s) at (r,s) = (70, S0), in the sense that

' (0)

Hﬁ(ro + Ar,s0 + As) — T(T07SO)?(T0 + Ar, 50 + As)” = o(|[(Ar, As)||) as (Ar,As) — 0.
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The parametrization Tm So)ﬁ assigns to each vector ¥ € R? a vector
7., 80)7(7) in the tangent plane at (rg, sp): namely if v(7) is a curve in

the (s, t)-plane going through (rg, sg) with velocity ¥ then the correspond-
—
)

ing curve P (y(7)) in & goes through P (rg, so) with velocity T(TO SO)?( V).
7 is sometimes called the tangent map at (rg, sg) of the parametriza-

(ro,so_))
tion p'. _ .
We can also use the two partial derivative vectors %—f and %—Z to find an

equation for the tangent plane to & at P. Since they are direction vectors
for the plane, their cross product gives a normal to the plane:

— —
=27 9p
or s

and then the equation of the tangent plane is given by

—

N -[(z,y,2) — P (ro,s0)] = 0.

You should check that in the special case when & is the graph of a
function f(z,y), and P is the parametrization of & as

P (z,y) = (x,y, f(z,y))

then
87_—> of —
% Z+%k‘
oy ‘7+8yk
~N _ of . of
N = axz ay + k

yielding the usual equation for the tangent plane.
We summarize these observations in the following

Remark 3.5.6. If p:R2—R3 is reqular at (o, sg), then
1. The linearization of p(r,s) at T =7rg, 8 = 8o

— —
OP | AOP

o —
T(T’0780) p (TO + AT; S0 + AS) =7p (7*07 SO) + AT 8T as

has first-order contact with P (r,s) at r =170, § = Sq;
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2. it parametrizes a plane through P = p (o, s0) = (%0, Y0, 2z0) which con-
tains the velocity vector of any curve passing through P in the surface
& parametrized by 7 ;

3. the equation of this plane is

—

N (= 20,y —Y0,2 — 20) =0

where 95 5%
N=2L, %P
r ds
This plane is the tangent plane to G at P.

Let us consider two quick examples.
First, we consider the sphere parametrized using spherical coordinates
in Equation (3.25); using R = 1 we have

D (0, ¢) = (sin ¢ cos §,sin ¢ sin 0, cos ¢).

Let us find the tangent plane at

1 13
P<§=‘5=7>

which corresponds to

The partials are

B D) - (o) 7 o ()7 - (D)

% D) -~ (i (-)
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so a parametrization of the tangent plane is given by

L1, B VEAs

2 2v2 2V2
1 Ar V3As
PN RN
V3 VBAr
P

to find an equation for the tangent plane, we compute the normal

ﬁ:<1—> RN ﬁ?>x< \/§—>+\/§—>>

— 1 ——=7 + = -1+ —=

2v/2 2\/5‘7 2 2v/2 2\/5]
_ 3o 3 - W3y

42 42 4

so the equation of the tangent plane is

3 1 3 1. V3 V3

Next, we consider the torus with outer radius ¢ = 2 and inner radius
b = 1 parametrized by

—

D (a,8) = (2 —sinf)[(cosa)? + (sina) ] + (cos B) k

at

P(ﬁ%ﬁ)

4 472

which corresponds to
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The partials are

%—g = <2 — sin %) [(COS% 7+ (Sin %) 7] + (cos—
:(2—%) %7+§7 +??
2274-%74-??

so a parametrization of the tangent plane is

3 43 +3 3
_Z_< 1 )AT+ZAS
y=20 (4\@”’) art Y3,
4 4 2
zz?—l—?&s.

The normal to the tangent plane is

(227 (42)9)

J - 16

8 8

_ (12+3\/§> — (12+3\/§> _ (45+21\/§> 2

so an equation for the plane is

12+ 3v/3 3 12 +3V3 3v3 45 + 21v/3
8 (””—Z>+ 8 Y=y S\ 16



3.5. SURFACES AND THEIR TANGENT PLANES 289

Level Surfaces

When a surface is defined by an equation in x, y and z, it is being presented
as a level surface of a function f(z,y,z). The Implicit Function Theorem
for R? — R (Theorem 3.4.3) tells us that in theory, we can express the locus
of such an equation near a regular point of f as the graph of a function
expressing one of the variables in terms of the other two, and tells us how
to find the tangent plane to the level surface at this point. However, this
can be done more directly, in terms of the gradient or linearization of f, and
justified geometrically.

When we looked at the tangent plane to a parametrized surface, we
saw that the tangent plane at a point P = P’ (sg,to) is the image of the
linearization of the parametrizing map at (sg,tg). Another way to think of
this is to say that the tangent plane at P is made up of all the velocity
vectors for curves in the surface as they pass through P. Of course, in this
view, we no longer think of these vectors as “free”: they are firmly attached
at their base to P. This point of view is useful in identifying the tangent
plane to a level surface of a function f(z,v, 2).

Recall that @ € R? is a regular point of the real-valued function
f(z,y,2) if the gradient v f(@) at that point is not the zero vector (in
other words, at least one partial does not vanish). Suppose P(zg, o, z0) is
a regular point of f, and suppose p(t) is a differentiable curve in the level
surface L(f,c) through P (so ¢ = f(P)), with p (0) = P. On one hand, by
the Chain Rule (3.3.6) we know that

d

= FF@O]=VP)-5(0);

t=0

on the other hand, since () lies in the level set L(f,c), f(P'(t)) = c for
all ¢, and in particular,

d

= r@mn=o.

t=0

It follows that

for every vector tangent to £(f,c) at P; in other words, '’

108¢rictly speaking, we have only shown that every tangent vector is perpendicular to
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Remark 3.5.7. If P is a regular point of f(z,vy,z), then the tangent plane
to the level set L(f,c) through P is the plane through P perpendicular to the

gradient vector ?f(P) of f at P.

If we write this out in terms of coordinates, we find that a point (z,y, z) =
(xo + Az, yo + Ay, z0 + Az) lies on the plane tangent at (zg, yo, z0) to the
surface f(x,y,z) = ¢ = f(xo, Y0, 20) if and only if

<% (:L"o,yo,zo)> Az + <g—£ (:L"o,yo,zo)> Ay + <% (:Eo,yg,zo)> Az =0,

in other words, if

d(xo,ymzso)f(x — 20,y — Yo,z — 20) = 0.

Yet a third way to express this is to add ¢ = f(=zo,y0,20) to both sides,
noting that the left side then becomes the linearization of f at P:

ng,yo,zof(xﬂ Y, Z) = f(x()a Yo, ZO) .
We summarize all of this in
Proposition 3.5.8. Suppose P(x,y0,20) is a reqular point of the real-

valued function f(z,y,z) and f(xo,y0,20) = c. Then the level set of f
through P

L(fre) = A{(z,y,2) [ f(w,y,2) = ¢}

has a tangent plane P at P, which can be characterized in any of the fol-
lowing ways:

o P is the plane through P with normal vector ?f(P);
e P is the set of all points P+ U where

dpf(V) = 0;

o P is the level set L(Tpf, f(P)) through P of the linearization of f at
P.

— —
V f; we need to also show that every vector which is perpendicular to V f is the velocity
vector of some curve in L(f,c) as it goes through P. See Exercise 11.
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Let us see how this works out in practice for a few examples.
First, let us find the plane tangent to the ellipsoid

z? 4+ 3y? +42% = 20

at the point P(2,—2,—1). This can be regarded as the level set £(f,20) of
the function

flz,y,2) = 2 + 3y + 427,

We calculate the partials

of
%—217
of
ay ~
of
&—82

which gives the gradient
V2, -2-1)=47 —127 —8k.

Thus the tangent plane is the plane through P(2,—2,—1) perpendicular to
—
47 — 127 — 8k, which has equation

4(r—2)—12(y+2)—8(z+1)=0

or
Az — 12y — 82 = 8 + 24 4 8 = 40.

We note that this is the same as
d(z,—z,—1)f(Aﬂfa Ay, [z) =0

with

Nz =z—(-1),
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or, calculating the linearization
Tio—o_1yf(,y,2) =20+ 4(z — 2) = 12(y +2) — 8(z + 1)
=4xr — 12y — 82 — 20

the tangent plane is the level set of the linearization

£<T(27_27_1)f7 20) = {(:Ev Y, Z) | T(2,—2,—1)f($7 Y, Z) = 20}

We note in passing that in this case we could also have solved for z in terms
of x and y:

42% = 20 — 2 — 32

z2  3y?

2
zZ2=5—-— - —
4 4
x? 3y
=44/5 - — - =
SO Y R
and since at our point z is negative, the nearby solutions are

2 3y?
Y S
¥ 1 4

This would have given us an expression for the ellipsoid near (2,—2,—1) as
the graph z = ¢(z,y) of the function of z and y

2 3 2
dlo.y) = —\/5 - T - =

The partials of this function are

o9 —x/4
8x__ 22 32
Vo-g- %
9 _ 3y
89_ 5_96_2_M’
4 4

at our point, these have values

¢ 1
8_$ (27 _2) - 5
0¢ 3
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so the parametric form of the tangent plane is

r = 2 +s
y = =2 +t
z o= -1 +5 %

while the equation of the tangent plane can be formulated in terms of the
normal vector

sl

—%(m—2)+g(y+2)+(z+1):0

or

1 3
—gr sy tz=—-1-3-1=-5

which we recognize as our earlier equation, divided by —8.
As a second example, we consider the surface

:173y22 + :172y32 + :17yz3 =30
near the point P(—2,3,1). This time, it is not feasible to solve for any one
of the variables in terms of the others; our only choice is to work directly
with this as a level surface of the function

flx,y,2) = 232z + 22y32 + xy2d.

The partials of this function are

0

—f = 3x2y2z + 2zy3z + yz3
ox

0

—f = 203yz + 322?24+ 223
dy

of

— = 23y? + 223 + 3zy2t.
0z
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The values of these at our point are

af B
% (_2737 1) =3
af B
oy ("2 =58
af B
5. (-23,1) =28

giving as the equation of the tangent plane
3(x+2)+58(y—3)+28(z—1)=0

or
3z + 58y + 28z = 196.

You should check that this is equivalent to any one of the forms of the
equation given in Proposition 3.5.8.

Exercises for § 3.5

Practice Problems:

For each given surface, express the tangent plane (a) as an equation in x, y
and z (b) in parametrized form:

1. z=22—92% (1,-2,-3), (2,-1,3)

2. 22 =22 +4% (1,1,v2), (2,—1,V/5)

3. 224y —22=1,(1,-1,1), (v/3,0,v/2)
4. 22 +y? + 22 =4, (1,1,v2), (V3,1,0)
5. 2%+ 3zy + 2% =2, (1,4,0), (0,0,v2)

6.
r = 2s
y = s +t at(0,1,1)
Z t?
7.
r = u? —v?
Yy = u +v  at (__7 By 2)

N
|
e
Do
+
B
&4
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8.
x = (2—cosv) cosu
y = (2—cosv) sinu
z = sinv

at any point (give in terms of u and v).
Theory problems:

9. (a) Verify that p'(s,t) = (s,t, f(s,t)) is a regular parametrization of
the graph z = f(x,y) of any C' function f(x,%) of two variables.

(b) What is the appropriate generalization for n > 2 variables?

10. Show that the extreme values of the function ||(cos #)?" + (sin 9)@’H2

occur when

27U - W
tan 20 = —— ——
)" = llw|

Challenge problem:

11. Suppose P(zg,yo,20) is a regular point of the C! function f(z,y, 2);
for definiteness, assume % (P) # 0. Let ¥ be a nonzero vector per-

N
pendicular to V f(P).

(a) Show that the projection w = (v1,v2) of ¥ onto the zy-plane is
a nonzero vector.

(b) By the Implicit Function Theorem, the level set L(f,c) of f
through P near P can be expressed as the graph z = ¢(x,y) of
some C! function ¢(z,y). Show that (at least for |t| < ¢ for some
e > 0) the curve p'(t) = (zg + vit,yo + vat, d(xo + vit, yo + vat))
lies on £(f,c), and that p”(0) = ¥'.

(¢) This shows that every vector in the plane perpendicular to the
gradient is the velocity vector of some curve in L(f,c) as it goes
through P, at least if v f(P) has a nonzero z-component. What
do you need to show this assuming only that v f(P) is a nonzero
vector?
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3.6 Extrema

Bounded Functions

Recall the following definitions from single-variable calculus:
Definition 3.6.1. Suppose S is a set of real numbers.

1. a € R is a lower bound for S if
a < s for every s € S.
The set S is bounded below if there exists a lower bound for S.
2. B € R is an upper bound for S if
s < 3 for every s € S.
The set S is bounded above if there exists an upper bound for S.

3. A set of real numbers is bounded if it is bounded below and bounded
above.

4. If S is bounded below, there exists a unique lower bound A for S such
that every lower bound « for S satisfies o < A; it is called the infi-
mum of S, and denoted inf S.

A lower bound « for S equals inf S precisely if there exists a sequence
{si} of elements of S with s; — «.

5. If S is bounded above, there exists a unique upper bound B for S
such that every upper bound (B for S satisfies 0 > B; it is called the
supremum of S, and denoted sup S.

An upper bound B for S equals sup S precisely if there exists a sequence
{si} of elements of S with s; — 3.

6. A lower (resp. wupper) bound for S is the minimum (resp. maxi-
mum) of S if it belongs to S. When it exists, the minimum (resp.
mazimum) of S is also its infimum (resp. supremum,).

These notions can be applied to the image, or set of values taken on by
a real-valued function on a set of points in R? or R3 (we shall state these
for R3; the two-dimensional analogues are essentially the same):
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Definition 3.6.2. Suppose f:R3—R is a real-valued function with domain
dom(f) C R3, and let S C dom(f) be any subset of the domain of f. The
image of S under f is the set of values taken on by f among the points of
S:

f(8) =A{f(s) [s €5}

1. f is bounded (resp. bounded below, bounded above) on S if f(S)
is bounded (resp. bounded below, bounded above).

2. The supremum (resp. infimum) of f on S is defined by

sup f(x) = sup f(95)

z€S
inf f(x) =inf f(S).
z€S

3. The function f achieves its maximum (resp. achieves its mini-
mum) on S at x € S if

f(x) > (resp. <) f(s) forall s € S.

We shall say that x is an extreme point of f(x) on S if f(x) achieves
its mazimum or minimum on S at x; the value f(x) will be referred to as
an extreme value of f(x) on S.

In all the statements above, when the set S is not mentioned explicitly,
it is understood to be the whole domain of f.

The Extreme Value Theorem

A basic result in single-variable calculus is the Extreme Value Theorem,
which says that a continuous function achieves its maximum and minimum
on any closed, bounded interval [a,b]. We wish to extend this to result to
real-valued functions defined on subsets of R3. First, we need to set up some
terminology.

Definition 3.6.3. A set S C R? of points in R? is closed if for any con-
vergent sequence s; of points in S, the limit also belongs to S':

si— L and s; € S foralli = LeS.

It is an easy exercise (Exercise 9) to show that each of the following are
examples of closed sets:
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1. closed intervals [a,b] in R, as well as half-closed intervals of the form
[CL, OO) or (—OO, b]a

2. level sets L(g,c) of a continuous function g, as well as sets defined by
weak inequalities like {x € R?|g(z) < ¢} or {z € R?|g(z) > ¢};

3. any set consisting of a convergent sequence s; together with its limit,
or any set consisting of a sequence together with all of its accumulation
points.

We also want to formulate the idea of a bounded set in R3. We cannot
talk about such a set being “bounded above” or “bounded below”; the
appropriate definition is

Definition 3.6.4. A set S C R? is bounded if the set of lengths of elements
of S {||s]| | s € S} is bounded—that is, if there exists M € R such that

IIs|| < M for all s € S.

(This is the same as saying that there exists some ball B. (O)—where € > 0
is in general not assumed small—which contains S.)

A basic and important property of R3 is stated in the following.
Proposition 3.6.5. For a subset S C R3, the following are equivalent:

1. S is closed and bounded;

2. S is sequentially compact: every sequence s; of points in S has a
subsequence which converges to a point of S.

We shall abuse terminology and refer to such sets as compact sets.'!

Proof. If S is bounded, then by the Bolzano-Weierstrass Theorem (Propo-
sition 2.3.7) every sequence in S has a convergent subsequence, and if S is
also closed, then the limit of this subsequence must also be a point of S.
Conversely, if S is not bounded, it cannot be sequentially compact since
there must exist a sequence sy of points in S with ||sx|| > k; such a sequence
has no convergent subsequence. Similarly, if S is not closed, there must
exist a convergent sequence si of points in S whose limit L lies outside
S'; since every subsequence also converges to L, S cannot be sequentially
compact. O

" The property of being compact has a specific definition in very general settings; how-
ever, in the context of R®, this is equivalent to either sequential compactness or being
closed and bounded.
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With these definitions, we can formulate and prove the following.

Theorem 3.6.6 (Extreme Value Theorem). If S C R? is compact, then
every real-valued function f which is continuous on S achieves its minimum
and mazimum on S.

Note that this result includes the Extreme Value Theorem for functions
of one variable, since closed intervals are compact, but even in the single
variable setting, it applies to functions continuous on sets more general than
intervals.

Proof. The strategy of this proof is: first, we show that f must be bounded
on S, and second, we prove that there exists a point s € S where f(s) =
Subyes f(x) (resp. f(s) = infres f(x)).2

Step 1: f(x) is bounded on S: Suppose f(z) is not bounded on S: this
means that there exist points in S at which |f(x)| is arbitrarily high: thus
we can pick a sequence s; € S with |f(sk)| > k. Since S is (sequentially)
compact, we can find a subsequence—which without loss of generality can
be assumed to be the whole sequence—which converges to a point of S:
sk — so € S. Since f(z) is continuous on S, we must have f(s;) — f(s0);
but this contradicts the assumption that |f(sg)| > k.

Step 2: f(z) achieves its mazimum and minimum on S: We will show
that f(x) achieves its maximum on S; the case of the minimum is entirely
analogous. Since f(z) is bounded on S, the set of values on S has a supre-
mum, say sup,cg f(z) = A; by the remarks in Definition 3.6.1, there exists
a sequence f(s;) converging to A, where s; all belong to S; pick a subse-
quence of s; which converges to sg € S; by continuity f(s9) = A and we are
done. O

Local Extrema

How do we find the extreme values of a function on a set? For a function
of one variable on an interval, we looked for local extrema interior to the
interval and compared them to the values at the ends. Here we need to for-
mulate the analogous items. The following is the natural higher-dimension
analogue of local extrema for single-variable functions.

Definition 3.6.7. The function f(z) has a local mazximum (resp. local
minimum) at T € R? if there exists a ball B. (Tg), € > 0, such that

12 A somewhat different proof, based on an idea of Daniel Reem, is worked out in Exer-
cise 13.
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1. f(z) is defined on all of B (¥); and

2. f(x) achieves its mazimum (resp. minimum) on B: (To) at T = T'g.
A local extremum of f(x) is a local mazximum or local minimum.

To handle sets more complicated than intervals, we need to formulate
the analogues of interior points and endponts.

Definition 3.6.8. Let S C R3 be any set in R3.

1. A point @ € R? is an interior point of S if S contains some ball
about T :
B.(7) cS.

The set of all interior points of S is called the interior of S, denoted
int S.

A set S is open if every point is an interior point: S = int S.

2. A point ¥ € R? is a boundary point of S if every ball B- (7'), € > 0
contains points in S as well as points not in S':

B.(T)NS #£0, but B-(T) ¢ S.

The set of boundary points of S is called the boundary and denoted
as.

The following are relatively easy observations (Exercise 10):

Remark 3.6.9. 1. For any set S C R3,

S Cint SUOIS.

2. The boundary 0S of any set is closed.

3. S is closed precisely if it contains its boundary points:

S closed < 0S5 C S.

4. S C R3 is closed precisely if its complement
R3\ S:={zcR3|z ¢ S}

1S open.
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The lynchpin of our strategy for finding extrema in the case of single-
variable functions was that every local extremum is a critical point, and
in most cases there are only finitely many of these. The analogue for our
present situation is the following.

Theorem 3.6.10 (Critical Point Theorem). If f:R*—R has a local ex-
tremum at T = T o and is differentiable there, then it is a critical point of

f(&@):

_
Proof. If V f(7'o) is not the zero vector, then some partial derivative, say
By is nonzero. But this means that along the line through =’y parallel to
the x;-axis, the function is locally monotone:

—|f(Zo+te;)) == (< 0
o F(Zo i)l 895]-( 0) #
means that there are nearby points where the function exceeds, and others

where it is less than, the value at Z'o; therefore =g is not a local extreme
point of f(). O

Finding Extrema

Putting all this together, we can formulate a strategy for finding the extreme
values of a function on a subset of R3, analogous to the strategy used in
single-variable calculus:

Given a function f(2') defined on the set S C R3, search for extreme
values as follows:

1. Critical Points: Locate all the critical points of f(@') interior to 9,
and evaluate f() at each.

2. Boundary Behavior: Find the maximum and minimum values of
f(Z) on the boundary 9S; if the set is unbounded, study the limiting
values as ||| — oo in S.

3. Comparison: Compare these values: the lowest (resp. highest) of all
the values is the infimum (resp. supremum), and if the point at which
it is achieved lies in S, it is the minimum (resp. maximum) value of f
on S.

In practice, this strategy is usually applied to sets of the form S = {2 €
R3 | (') < ¢}. We consider a few examples.
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First, let us find the maximum and minimum of the function
f(z,y) = 2% — 2z + 3
inside the disc of radius 2
w24 y? <4
Critical Points:
?f(a:,y) =2r-2)7 +2y7
this vanishes only at the point

r=1

y=20

and the value of f(z,y) at the critical point (1,0), which lies inside the disc,
is

F(1,0)=1-2+0

=—1
Boundary Behavior:
The boundary is the circle of radius 2
2yt =4
which we can parametrize as
x =2cosf
y=2sinf

so the function restricted to the boundary can be written

g(0) = f(2cosH,2sin6)
= 4cos® —4cosf + 4sin’ 6
=4 —4cosb.
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To find the extrema of this, we can either use common sense (how?) or take
the derivative:

d
d—g = 4sinf.
This vanishes when
0=0,m.
The values at these places are
g(0) =44
=0
g(m)=4+4

and we see that

max 2 —2x+y? =38

z24+y2<4
=g(m)
= f(=2,0)
min :172—23:—|—y2 =-1
z24+y2<4
= f(1,0).

Next, let’s find the extreme values of the same function on the unbounded
set defined by

z<y:

here, the lone critical point (1,0) lies outside the set, so all the extreme
behavior is “at the boundary”. There are two parts to this: first, we look
at the behavior on the boundary points of S, which is the line

T =1y.
Along this line we can write
g(x) = f(z,2)
= 222 — 2x;

d(x) =4z —2
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vanishes at

;U 1
2
and the value there is
1 11
o(3)=1(32)
_ 1
=3

But we also need to consider what happens when ||(z,y)|| — oo in our set. It
is easy to see that for any point (z,y), f(z,y) > 22 —2z > —1, and also that
2% — 22 — oo if |z| — oo. For any sequence (z;,y;) with ||(z;,y;)| — oo,
either |z| — oo (so f(x,y) > 2% — 2z — o0) or |y| — oo (so f(x,y) >
y? —1 — 00); in either case, f (x,yj) — oo. Since there exist such sequences
with x; < y;, the function is not bounded above. Now, if S = (wi, ) is
a sequence with x; < y; and f(5;) — inf,<, f(z,y), either s; have no
convergent subsequence, and hence ||s';|| — oo, or some accumulation point
of §; is a local minimum for f. The first case is impossible, since we already
know that then f(75°;) — oo, while in the second case this accumulation
point must be (1,1), and then f(3';) — 3. From this it follows that

2732
1 11
I%lgl;l(x 2z + y°) 5 <2,2>.

Lagrange Multipliers

For problems in two variables, the boundary is a curve, which can often be
parametrized, so that the problem of optimizing the function on the bound-
ary is reduced to a one-variable problem. However, when three or more
variables are involved, the boundary can be much harder to parametrize.
Fortunately, there is an alternative approach, pioneered by Joseph Louis
Lagrange (1736-1813) in connection with isoperimetric problems (for exam-
ple, find the triangle of greatest area with a fixed perimeter)'?

The method is applicable to problems of the form: find the extreme
values of the function f() on a level set £(g, c) of the differentiable function

13 According to [48, pp. 169-170], when Lagrange communicated his method to Euler in
1755 (at the age of 18!), the older master was so impressed that he delayed publication
of some of his own work on inequalities to give the younger mathematician the credit he
was due for this elegant method.
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g(7') containing no critical points of g (we call ¢ a regular value of g(@') if
?g(?) # 0 whenever g(T') = ¢). These are sometimes called constrained
extremum problems.

The idea is this: suppose the function f(') when restricted to the level
set L(g,c) has a local maximum at 2¢: this means that, while it might be
possible to find nearby points where the function takes values higher than
f(T), they cannot lie on the level set. Thus, we are interested in finding
those points for which the